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3. Vector
of yectors ¢
[1] Introduction : M Equell? < = (xpp X2 and J = 01 3) of
) . : X : or vectors ¥ '
.l.n th? middle of 18t century, Hamilton divided physical ‘ b ) =0 y) @ X1 T Viandy, |
quantities into two types : (1) Vector quantities and (2) ¥=y < (xy» 12 x;)and y = !
Scalar quantities. Thus mathematics got a new branch, which| ilarly, for the vectors % = (X1 5273 O y”ll
included vector algebra and vector calculus, which proved to Sm"jm %
4 . . 1
be very useful in the subjects of physics as well as engineering. of R%, x) = s Vo ¥3)
So its study is very necessary for engineering students. In x=y < (Fpe X2 3
¢:>X=YI’x2=y2’ X3 =3

this chapter we will get a basic idea of vector algebra.

In Mathematics also there are many quantities with
which magnitude and direction can be associated. Such
quantities are called vector quantities. For example, let's take
R2 = {(x, ) | x, y, € R}. The origin O is associated with a
member (0, 0) of R2 . Suppose if a point P is associated with
an another member (3, 4) of R2 and if we have the length

-2 2 —-— |
( 3°+4° = 5) of OP as the magnitude of (3, 4) and the

JESEEY
direction of OP as the direction of (3, 4), then (3, 4) is a
vector. In the same way each member of set R3 = {(x, y, z) |
X, ¥, z € R} can be considered as a vector. '
Y

< i
©, 0
Thus R2 and R3 are the sets of vectors. We will study

the algebra of vectors by applying operations on such set.
Later on we will see how the knowledge obtained in this way

about vectors is used in physics.

Fig. 3.1

[2] Vector:
Our study will be limited to the geometry of R2? and

R3. We will denote the vector (xy, x,) of RZ or the vector

f vectors ¢

2) Addition 0
/ d the addition of two vectors as fojjq,

We will define
For two vectors ¥ = (xp, x) and ¥ =y, yy) of R
F+7 =0px)*t 00 y2) = (1 ¥V Xt py)
And for two vectors X = (¥1, %2> x3)and Y = (), y, b
of R3,
F+7=0pxpx3)t 01 V2 V3)
= +yp X2t re X3t ys)

(3) Multiplication of a vector by a scalar :
Multiplication of a vector X by a scalar k e R
defined as follows :
For the vector X = (xy, x,) of R2and k € R,
k& = k(x), x9) = (kxy, kx,)
 and for the vector ¥ = (%1, X, X3) of R3and k € R
kx = k(xy, xg, x3) = (ke kxy, kx3)
[3] Properties of Addition and Multiplicatio
by a Scalar :
We will accept the following properties for the vec!
of R% and R3 without proof,
()  Commutative law : ¥ + Vy=V+X
(i) -Associative law : ¥ + FJ+2)=(X+y)+2
(iii)  Identity element : For § = (0, 0) of RZ and

6 = (0, 0’ 0) of RJ’

=

(¥}, X3, X3) Of R3 by ¥ (read : ‘x bar’)

+6=6+f=f
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Here 0 is called zero vector,

X = (xl’ .\'2) of R2
r — —3
and the vector X ) (xy5 *2, X3) of R3, there exist’
= =(-x1,—Xp)and —x = (-=x,, — i
_z =(xp—2) X = (%), =xp, =x3) respectively
SUCh that

Additive inverse : For the vector

(iv)

_?"'(—f): (—f)+f=6.
Here —X is called additive inverse of ¥ .
g WErNTELDkeR

(Vl) (k+1)f=k§+[f, k,l e R

i) (k) X = k(%), k,1eR
(viii) 1X =X |

With all the above properties, the set R2 (and R3) is
called a vector space over R and its element is called vector.
Thus R2 (and R3) is a vector space and X, ¥ ... etc. are
called vectors.

It can be easily seen that the following properties are
satisfied in the sets of vectors R2 and R3.

(i) Zero vector and additive inverse of a vector is unique.
@ (D¥=-X (i) 0x=0

(v) k0=0 M) oax=0 & a=0o0r¥=0
V) X+y=X+2Z &S y=1Z

i) X-y=%x+ (=)
[4) Geometric representation of vector :

Now we will talk about directed line segment. As
shown in the figure 3.2, the directed line segment within

-'_’ 3
direction of OP i.e. the direction from origin O to P is

— —
denoted by OP . Thus OP is a vector.

If the coordinates of P are (x,, xp), then it is said that

—_) , .
OP = (x,, x,) or the.position vector of P is (x), X2)- The

position vector of O is (0, 0).
Now if the position vectors of A, B and P are (x1, X2),

- =
O yy) and (v —x, v, — X2), then AB and OP are same as
shown in the figure 3.3.

Also OP=AB= \[(y - x)2 + (72 — %)

Y T
P(yy — Xps V2 V B(y;» ¥2)
A(x), x3) %
<5 : >
0, 0y Fig. 3.3

—_ g
Thus the vectors AB and OP are equal.

—

-
AB =0P

=01 —xpy2— %)

=0 Yz) = (x5 x5)

= Position vector of B — Position vector of A

®  Geometric representation of addition of vectors :

Suppose the position vectors of P and Q are X
(1, x5) and ¥ = (3}, y,) respectively.
X+ Y =xpx)+t 0L y) =0y, xty)
Suppose the position vector of Ris X + y =(x; +y,,

x2 + yz).

Mid point of PQ = (x' “;yl, X + YZ) = Mid
2
point of OR
As shown in the figure 3.4, PQRS is a parallelogram.
- o 5
OP + OQ = OR

YA
P(xy, x,)
«— —>» X
0
(©, o), Fig. 3.2
ODCET / 22 / 2024-25

.
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R(.\" + )'l‘ .\" + )‘2)

Fig. 3.4

- L
The diagonal OR of the parallelogram OPRQ, whose

. - ——— — —-) —»
adjacent sides are OP and OQ respresents Op + 0Q =
~)

OR . This fact is known as the

parallelogram law for vector
addition.

The same geometric r.
for the vector of R3,
Example-1:If ¥ = (-1,2,3
2% + 37.

€presentatoin can be understand
)and ¥ =(2,-5, 8), then find

Solution : 2% + 35 =2(-1, 2, 3) + 3(2, -5, 8)

= (2,4, 6) +(6,-15, 24)
=((2)+6,4+(-15), 6 + 24)
=(4,-11, 30)

[S] Inner product/Scalar product/ Dot product
of vectors in R2 and R3 :

If ¥ =(x,,x,)and 7 = (V1> ¥2) are vectors of R2, then
their Inner product is denoted by X - y which is defined as
follows.

Xy =0x,x) O, YD=x1y1+ %y,
Similarly, for the vectors ¥ = (x5 x2, x3) and
Y =012 ¥3) of R3, |
Xy =(xp,x x3) « (v}, Y2 ¥3)
C=xy tX12tx3y
Let us note that X and y are vectors but thejr inner
product X - ¥ is a scalar. Also multiplication of a vector by
a scalar kX and scalar product X. 5 are different.

ilex-yi ar.
k¥ is a vector, while ¥ - ¥ is a scal

ct:
ropertles of Inner produ

o P -
Ifg, J, 7 € 2 (or R3) and '
G ¥:¥20 )
(i) ¥-Xx= o =0 o
i) .- G+D=F F+ T2
v) ¥ ()= (@) y= k&)
v) ¥y=7-%

We will accept the above results without proof.
Example-2: If ¥ =(3,2,1) and ¥ =(2,-1,-2), thep fing
X.y.

Solution: ¥-y =(3,2,1).(2,-1,-2)
=3+ EED+M(2)
=6-2-2
=2 :

[6] Magnitude of Vector :

Magnitude of vector ¥, denoted by | | is defined a
follows.

HIEW
If X = (x), x,) € R, then _
%= V5% = %) - () = Vi + 4
and if X = (x,, x,, x3) € R3, then

Fl=FF = fom ) e

= \/x12+ X3 + x3

For example, if ¥ = (1, 2, -3), then

X1 = VO + @7 4 (G2 =i+ 4+9=

If the position Vector of P is 7 = (xy,

L]

-
X,), then OP°

(x1, ) as shown in the figure 3.5

Yp
P(.tl, xz)
Xy
—
0 > .
Goy 1M
Fig. 35
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Now in right angle triangle OMp
OP2=OM? + PM2 = x,2 + .2
OoP = x12+ X3 = |y|

Thus geometrlcany, magmtude of a vector represents
he length of that vector.

Properties of Magnitude of Vector :

[ ]

@ %120

(i) |¥|=0 < X=0

i) |k x| =1k| |X|, keR
[7] Unit Vector :

A vector whose magnitude is one unit is called a unit
vector. Thus for a vector ¥ of R? or R3, if |X| =1, then ¥ is

called a unit vector.

1
For example, vectors (1, 0), (0, 1), [5, f},

(cos 6, sin 8)... etc. of R2 and vectors (1, 0, 0), (0, 1, 0),

1 1 1
(0,0, 1), (7—3" ﬁ’ ﬁ) ... etc. of R3 are unit vectors.

N ;
Vector |—)ﬂ obtained by dividing a non zero vector X

by its magnitude | X| is always a unit vector.

For example,
x| = «/1+4+ = V14

Thus it is not a unit vector as |X| = 14

1 2 —3)’

F,2,-3)_
But for f - J— \/I—Z’ 14 14

¥=(l,2, -3)

x {1 4 9 fl4_1

==t T Via

X 14 14 14 14
E.

' ﬁ is a unit vector.

Unit vectors (1, 0) and (0, 1) of R2 in the positive
directiqn of axis are denoted by T and j respectively.

Thus in R2, 7 = (1,0) and j = (0, 1)

Similalry, unit vectors (1, 0, 0), (0, 1, 0) and (0,0, 1)
of R3 in the positive dircction of axis are denoted by 7, 7
and f respectively.

ThusinR3, 7 =(1,0,0), 7 =(0,1,0), k =(0, 0, 1)

Y y4
A
k =(0,0,1)

AT=OD —> Y
<O > > X - J =(0,1,0)

v ',— == (1, 0) = (110’0)

X
Fig. 3.6

[8] Representation of vectors in the form of

i,j and g :
‘Let ¥ = (x;, ;) € R?
¥ = (x1, %) =(x1,0) + (0, xp)
=x(1, 0) + x5 (0, 1)
=xi +x]
Thus every vector of R2 can be represented as a
unique linear combination of 7 and .
Similarly for ¥ = (xy, x,, x3) € R3
¥ = (%1, X9, X3) = (x4, 0,0) +(0, x5, 0) + (0, 0, x3)
=x,(1, 0, 0) + x,(0, 1, 0)
+x5(0,0, 1)
= X1 + X3 + X3k
Thus every vector of R3 can be represented as a unique
linear combination of 7, j and % .
For example,
3,-2) 4,5) =47 + 55
-1,2,3)= -7 + 27 + 3k,
(2,0,3)= 27T +07 +3k = 27 + 3k
For the vectors 7 = (1,0) and j = (0,1) of R2

= 37 - 27,

@ 1il=1jl=1
G) 7-7i=7 -j=1
(i) 7-7=0

o-.|

For the vectors (1 0,0), ; =(0,1,0)and

% =(0,0,1) of R3
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(l") i ~j=7.]\?=;_?=0
Example3 ; Evaluate

O Q@ +j-8-F7-37+20)

(@) GF-25+%)- (5T + 37 +2k)
Solution
M @+7-%. (T-37+25) =2, 1,-1)-(1,-3,2)
=@M+ ) +ED Q)
=2-3 i 2
=3
(i) GF-25+k)- 5T+ 37 +2k) =(3,-2,1)-(5,3,2)
=Q)G+E2)B)+ 1)@
=15-6+2
=11
[9] Outer product / Vector product / Cross
product of vectors in R3 :

The outer product of vectors ¥ = (x5 x5, x3) and
Y =01, ¥, y3) in R3 is denoted by ¥ x ¥, which is defined
as follows.

xx y o (xls X7, X3) x (y]» Y2, }’3)

i J k
=% *®2 X
N Y2 )
e T T I o I | I B B )
U ol ol »
=(xyy3 = X3 V2 — (V3= X3y X Y3 = X3 1))

(Note : Outer product is not defined in R2)

®  Properties of Outer product :

For the vectors ¥, ¥ and Z of R3

/ l\
(iv) rx()'*')'rx)’+xxz

Note that outer product of vectors is a vecioy g,
ote

ve.
product is not commutati

= 0,0’—=
For the unithctorsl (1,0,0), j =, 1'0)%
(0,0, 1) of R?
(i) Tx}‘-:/-c-, Fxk=1, kxi=7
i) TxT=jxj=kxk=0

Example 4 : Do as directed
1% =@-L3and ¥ =022 gy,
x+yx(x-3- (GTU: Jan, 201y
Solution :
F+y=2-1,3)+(1,2-2)
=(2+ ],—1+2,3'_2)=(3s l) ])
x-y=x+(-Dy
=@2,-1,3)+ (1) (1, 2,-2)
=(2,-1,3)+(-1,-2,2)
=2-1,-1-2,3+2)=(1,-3,5)
i (f+y) X(i'-"' ?)=(3s 13 1) X (1,—3, 5)

J

k
1
5

LS I

]

T(5+3)-7(05-1)+Fk (-9-!

87 —147 - 10k
=(8,-14,-10)
[10] Angle between vectors :

Angle beween two vectors X and y is denoted !

E"y.

If %) = q, then

. rF. = )’
(iy cosa= é%- i de o8 —’ﬁ]
|¥| 7] |%]1)

where a € [0, 7]



V

_ 173
yectors e
|X¥ x ¥ - Example-5 ¢ Do ns dirccted
G sine= 3|5 S = sin! |Xx P ! 57, 2T - Ko tBE0
X113 STE @ If KHT._]‘,‘J)"‘ and B = J+ 21 — K
where o € [0, x] prove that A X ITRE pcrpcndlculur to A-
we will accept both the above results without proof. Solution :
. perpendicular Vectors : M A=T-F-3 =0~ -3)
o T e A o B=J+2T -k =@ 1L-D
fx=0,y = 0and x ))—E.thcnfandf 3
are called pe‘rpendicular vectors to each other. It is denoted - = A
b}?—l-}_' AXB: 1 -1 —3
241 =l
Ts, TLye @A p==I _ L o
3 ( y) ) =7(0+3) -7 (-1+6)+k (1+2)
A =47 - 57 +3k
& cos (x ¥y)= cos — = (4, -5, 3)
Now
o f: = (Kxﬁ)-K=(4,—5,3).(1,~1,—3)
x| 1> =@M +HEEDFE) D)
Ak =4+5-9
S x-y=0 =0
Thus ¥ - y = 0 ifandonlyif ¥ L y Thus as (A x B) - A=0, AxB) L A

3 4 1~

(A) (g’ g) (B) (5’ 5)
11 V31

© gwj) ® (2'V2

Ans.: (A)

Here,

ol 6
=, = = |l 4+ |-
55 5 5
,9 16 25 _1
= | —4 — = J—==1"-
25 25 25

3 4
g’ g is a unit vector. |

2. Ifa=37-7 and b =7 +3j, then @+ 2b)= -
@A 69 ®B) 5,-7
©) 5,5) D) (7,-5)
Ans. : (A)
G +2b=237T—-7+237+3))
=37 —F +27 + 6]
=51 + 5]
=(5,5)
3. Ifz=(21,-)and 5 =(1,-3,2),then |2a - 3b| =
(A) 186 (B) 196
(C) 83 (D) 21
Ans. : (A)

2a-3b=2a+(-3)b
: =22, 1,=-1)+(=3)(1,-3,2)
=(4,2,-2)+(-3,9,-6)
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=(4-3,2+9,-2-6)
=(1, 11,-8)

|2a - 3b|= J1+121+ 64 = V186

4. If @a=21-27+k and b=T7+3]+4k, then
G-b =
A) -1 (B) 0
O 1 (D) -2

Ans. : (B)
‘ G-b=QF-27+Fk)- (T+3]+4k)
=@QM+E2)B)+M M@

=2-6+4
=0
5. XX (2X) = weceenn .
(A) 2|xP (B) 2x
© 2 D) o

VAns.:(D)
ITx (2%)=2(xxx)=20)=0
6. (BT-F+28) @QT+7-k) =

(A) -3 (B) (6,-1,-2)
(C) 0 (D) 3
Ans. : (D)

Gir-7+2k)- @Qi+7-k)=3,-1,2)-(2,1,-1)
=@)@Q+EDM+@ D

=6-1-2
=3
7. If|x|=2,then |-3Xx|=......
(A) 6 (B) -6
©) 12 (D) 18
Ans. : (A)

|-3%|=|-3]|x]=3(2)=6
8. If|x|=2 and |y|=1, then (x+ y)- (Xx-y) =

@A) 5 (B) 4
©)3 (D)2
Anms. : (C)

xE+y)-(x-¥)
¥ X-X-y+yEX=YY

10.

I1.

Ans. :

12,

Ans. @

Ans. :

Ans, ;

udo Tost (1w === w gqy 3‘&;

Aptit

—-lxlz‘ly' i
2 'Xl =,F E)
= 2"(1)
==4—l=3
fx(?-f)” """" o
=y (B XxV
(A |FF-ExY
(D) o
(€ yx~X
©)
xx (¥-Y)
=fx3’--—fx)’- _
—6+7Xf ( J'cxf=0and
'—y)(? :\T_Xj/':_;x;)
Iffly,thenx-()?+y)— .....
) | (B) 0_ )
© Ix| D) |x| | ¥]
(A)
x-(x+y) A
=X X+Xx-7y
=7 +0

=¥ (~¥Ly=Xx:y=0and ¥-¥=|7)

IfF% x5 =(1,-2,-5), then 7 x (F+ 7) = .oouon

A) 1,2,5) (B) (-1, -2, -5)
© 5-2,1) (D) G, 2,-1)
4)

IX(X+3Y) =G xX)+ (Fx y)
=-(Xxy)+0
=-(xxy)
==(1,-2,-5)
=(1,2,5) |
Angle between the vector ¥=7+k and y-axis §

(A) 0 X n ey
®7 ©F (D) 3

©)

f=7+/_(-=(0,]' 1) and

Unit vector i the direction of Y-axis = j = (0 3

. Angle between % and Y-axjs = cos™! ( ,/j,l)
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,

- eor” (\/0

= cos"1 (

(0: l, l) L (0, 1) 0)
+1+1- J0+1+0

6+1+0
V2 ()

Multiple Choice‘Questions (

MCQ's) with (Final Answers)

= cos_

-

I

....... i it vector. y
. o 9. IfX-y=|X|=|y|=v2,then F ) = cccrrrem
1:.1 .
A) (1,-1 e
®aon e (2 2) o o
(C) (sin B, cos 0) D) -1, 1)
2. |37+4_7+ 12E| = eaaen. (©) % (D)0
A .
@) V50 Dl 1059 312 et
©) 13 (D) 15 S ' T
3. (1,0,0)x (0,0, 1) =..... . (A) ¥ x X | B) ¥ -x
@A) (0,1,0) B) (0,-1,0) © x+%x D) |x|'x
© o (D) (-1,0,0) 11. @B x BY) = ... ‘
fie fzi- GV = L5 (B)23(F . 5)
4, For every‘vector x # 0 of R4, H is ©) 3IE- 7 (D) "9(x x %)
(A) Zero vector (B) scalar 12. (SCC 9, tan G,.—l).(sec 9, —tan 6, l)= ...... K
(C) unit vector (D) constant A1 (B)0
- (©)-1 ‘ (D)2
i e i 13. If |%| =4, then ¥ - (5%) = .......
(A . (B), 32 (A) 16 (B) 25
© o D) 1 (C) 20 (D) 80
6. If gz = (1, 0, 5 = (2, 0, thenlyy 5 5 7 F4k.T=....
Y — |a| + 15| (CVIR B (B)3
A) > (B) < ; " (©)0 DT+j+k
_ e of th
©= (D) none of these 15. 7x7+jxl?+ kx7=....
1. If(]’ _2’ 3) : (49 59 m) = 0’ then m = ....... o _
‘(A) 2 (B) -2 (A) T++k (B) 3
©)3 - OO € -T-j-k @) o
b @A D= (@ T € R?) | Answers
B) ud mec @@ C @B @WC G A
(A) 0 ®) 7 ©@C MA ® B (9 A (10)B
n anp d12)B (@A) D (AHC (A5 A
©) = D) 3
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