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<br>

[1] Introductlon:

<br>

In the middle of 1 8th century, Hamilton divided physical

<br>

quantities into two types : (1) Vector quantities and (2)

<br>

Scalar quantities. Thus mathematics got a new branch, which

<br>

be very useful in the subjects of physics as well as engineering.

<br>

So its study is very necessary for engineering students. In

<br>

this chapter we will get a basic idea of vector algebra.

<br>

In Mathematics also there are many quantities with

<br>

which magnitude and direction can be associated. Such

<br>

quantities are called vector quantities. For example, let's take

<br>

R2= {(, ) |x, y, e R}. The origin O is associated with a

<br>

member (0, 0) of R². Suppose if apoint P is associated with

<br>

an another member (3, 4) of R² and if we have the length

<br>

included vector algebra and vector calculus, which provedto/
Similarly, for the

vectors F=(X| Iy, X3) and

<br>

direction of OP as the direction of (3, 4), then (3, 4) is a

<br>

vector. In the same way each member of set R' = {(x, y, z)

<br>

x, V, z e R} can be considered as a vector.

<br>

(0, O,

<br>

3.. Vectors

<br>

J3
+4

-5

<br>

[2] Vector :

<br>

|V3 + 4 =5]of OF as the magnitude of (3, 4) and the of R,

<br>

3

<br>

Fig. 3.1

<br>

P(3, 4)

<br>

4

<br>

X

<br>

(1)

<br>

of R',

<br>

Thus R2 and R are the sets of vectors. We will study

<br>

the algebra of vectors by applying operations on such set.of

<br>

Later on we will see how the knowledge obtained in this way(

<br>

about vectors is used in physics.

<br>

(2)

<br>

(3)

<br>

(i)

<br>

Aptltudo Totl<br>

Equality of
vectors :

<br>

For
vectors F (X}, X) and

=(1 ) of R'

<br>

R

<br>

F+F
=(, x) + O 2)=(*| +

<br>

And for two vectors = (j, Xz, X3) and y

<br>

Addition of vectors :

<br>

We will definedthe addition of two vectors as followy.

<br>

For two vectors 7 = (X| ) and y =O, ») of p)

<br>

F+ = (*, Xy, X) + O 2» V3)

<br>

Multiplication of a vector by a scalar :

<br>

Multiplication of a vector by a scalar k e RE

<br>

defined as follows :

<br>

andX)"y

<br>

[3] Properties of Addition and Multiplicatio

<br>

by a Scalar :

<br>

+y,)

<br>

(,, V

<br>

For the vector = (X1, x) of R and ke R,

<br>

and for the vector F = (*,, X, x) of R³ and ke R,

<br>

Commutative law : + = +*

<br>

We will accept the following properties for the vet

<br>

and R' without proof

<br>

Associative law : F + ( +Z) = (T + )+Z

<br>

0 = (0, 0, 0) of R³,

<br>

7+0= 0 +7=

<br>

Our study will be limited to the geometry of R and|ucy element : For 0 =(0. 0) of R2 and

<br>

R³, We will denote the vector (, X) of R' or the vector

<br>

*y, Xg) of R'by 7 (read : 'x bar')

<br>



Vectors

<br>

(iv)
Additive inverse : For the vector = (X1, ,) of R2

<br>

(v)

<br>

Here 0 is called zero vector.

<br>

od the vector = (*| X, N3)

<br>

such that

<br>

()

<br>

- =(: -*) and.-7 =(| 3) respectively

<br>

T+(-7)= (-7) +7=0.

<br>

k(7 + ) = k+ ky,ke R

<br>

v) (kt)
= k+

, k, l e R

<br>

Here -F is called additive inverse of F

<br>

(vii) (k) i= k ((x), k, l e R

<br>

(vii) lF =i

<br>

With all the above properties, the set R² (and R3) is

<br>

called a vector space over R and its element is called vector.

<br>

Thus R² (and R°) is a vector space and , ... etc. are

<br>

called vectors.

<br>

It can be easily seen that the following properties are

<br>

satisfied in the sets of vectors R² and R3.

<br>

(iv) kõ=ö

<br>

Zero vector and additive inverse of a vector is unique.

<br>

(i) (-1)F= -

<br>

(ii) 0z = 0

<br>

(vi) + =I+7 = 7

<br>

of

<br>

(vii) 7-= + (-)

<br>

R', there exist

<br>

(v) z =0 a=0 or = 0

<br>

14) Geometric representation of vector :

<br>

(0,0)\

<br>

Now we will talk about directed line segment. As

<br>

shown in the figure 3.2, the directed line segment within

<br>

denoted by OP. Thus OP is a vector.

<br>

DDCET / 22 / 2024-25

<br>

P(*;, )

<br>

Fig. 3.2

<br>

X

<br>

If the coordinates of P are (x,, X,), thcn it is said that

<br>

OP = (*], x) or the.position vector of P is (x, x). The

<br>

position vector ofO is (0, 0).

<br>

direction of OP i.e. the direction from origin O to P is X, + y).

<br>

Now if the position vectors of A, B and P are (*|, X),

<br>

O'» )and (y - X1, Vy -x), then AB and OP are same as

<br>

shown in the figure 3.3.

<br>

Also OP = AB = Jo -x)+ (2 - x)

<br>

A(*, x)

<br>

(0, 0,

<br>

bsThus the vectors AB and OP are equal.

<br>

AB = OP

<br>

Fig. 3.3

<br>

point of OR

<br>

B;, )

<br>

= Position vector of B - Position vector of A

<br>

Geometric representation of addition of vectors :

<br>

Suppose the position vectors of P and Q are =

<br>

(, x) and = ('1, V2) respectively.

<br>

169

<br>

Suppose the position vector of R is F+ = (xt»

<br>

Mid point of PQ = +, ) t y2)

<br>

OP + 0 = OR

<br>

X

<br>

2

<br>

2

<br>

= Mid

<br>

As shown in the figure 3.4, PQRS is a parallelogram.

<br>
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<br>

Fig. 3.4

<br>

P(*;, *)

<br>

The diagonal OR of the parallelogram OPRQ, whose

<br>

adjacent sides are oP and 0Q respresents OP

<br>

OR. This fact is known as the parallelogram law for vector

<br>

addition.

<br>

27+3.

<br>

The samne geometric representatoin can be understand

<br>

for the vector of R.

<br>

Example-1:If =(1,2, 3) and = (2,-5, 8), then find

<br>

Solution : 27 + 3p =2(-1, 2, 3) + 3(2, -5, 8)

<br>

= (-2, 4, 6) + (6, -15, 24)

<br>

= ((-2) + 6, 4 + (-15), 6 + 24)

<br>

= (4, -11, 30)

<br>

[5] Inner product / Scalar product/ Dot product

<br>

of vectors in R?and R3:

<br>

If x =(11, X) and =V1, 2) are vectors of R", then

<br>

their Inner product is denoted by 7. which is defined as

<br>

follows.

<br>

Similarly, for the vectors = (11, X, x) and

<br>

=U, , y3) of R,

<br>

Let us note that X and y are vectors but their inner

<br>

product is a scalar. Also multiplication of a vector by

<br>

a scalar k and scalar product . are diferent.

<br>

kx is a vector, while p is a scalar.

<br>

Properties of Inner product:

<br>

|[6]

<br>

If r, J, e R' (or R')andke R, thcn

<br>

(i)

<br>

Aptltudo Tost (Mathomatlcs & Soft

<br>

=Solution : F = (3, 2, 1). (2, -1, -2)

<br>

(ii) FI= 0 i= 0

<br>

F F20

<br>

(ii) F (F+)= F+ 77

<br>

(iv) F (k) = (k7)= k (F. )

<br>

We will accept the above results without proof

<br>

Example-2 : If F = (3, 2, 1) and y = (2,-1, -2), then fo.

<br>

follows.

<br>

Magnitude of Vector:

<br>

||=

<br>

- (3) (2) + (2) (-1) + (1) (-2)

<br>

=6-2-2

<br>

Magnitude of vector I, denoted by || is defined as

<br>

=2

<br>

If = (*, x) e R2, then

<br>

F ,
) (4, )= +

<br>

and if = (*1, X, X3) e R, then

<br>

(0, 0

<br>

-++

<br>

For example, if = (1, 2, -3), then

<br>

= u + (2) + (-3) = J+ 4+ 9=

<br>

If theposition vector of P is = (*, x), then Or

<br>

x) as shown in the figure 3.5

<br>

P

<br>

M

<br>

P(*1,*)

<br>

Fig. 3.5

<br>

X

<br>



Vectors

<br>

Now in right angle triangle OMP

<br>

op2 = OM² + PM? =x?+x,2

<br>

OP =

<br>

Thus geometrically, magnitude of a vector represents

<br>

the length of that vector.

<br>

Properties of Magnitude of Vector :

<br>

() || 0

<br>

(ii) |7|=0 F=0

<br>

+ = |F|

<br>

(ii) |* |= |k| |F|,keR

<br>

[7] Unit Vector:

<br>

vector whose magnitude is one unit is called a unit

<br>

wector. Thus for a vector x of R² or R, if |E|=1, then is

<br>

called a unit vector.

<br>

For example, vectors (1, 0), (0,

<br>

(cos , sin )...etc. of R² and vectors (1, 0, 0), (0, 1, 0),

<br>

Vector

<br>

obtained by dividing a non zero vector x

<br>

by its magnitude x is always a unitvector.

<br>

For example,

<br>

F= (1, 2, -3)

<br>

1

<br>

But for

<br>

..
||= /1 + 4+9 = V14

<br>

Thus it is not a unit vector as || = V14

<br>

etc. of R are unit vectors.

<br>

49=

<br>

** |FI S a unit vector.

<br>

Unit vectors (1, 0) and (0, 1) of R2 in the positive

<br>

direction of axis are denoted by and j respectively.

<br>

Thus in R2, T = (1,0) and (0, 1)

<br>

Similalry, unit vectors (1, 0, 0), (0, 1, 0) and (0, 0, 1)

<br>

of R' in the positive dircction of axis are denoted by
,

j

<br>

and

<br>

Y

<br>

[8]

<br>

respectively.

<br>

Thus in R?, 7 =(1, 0, 0), 7 = (0, 1, 0), k = (0, 0, 1)

<br>

j= (0,1)

<br>

o, =(1,0)

<br>

X

<br>

Let (*, x,) e R?

<br>

X

<br>

Fig. 3.6

<br>

Representation of vectors in the form of

<br>

7,j and :

<br>

For example,

<br>

-(X, x) = (*, 0) + (0, x)

<br>

k = (0, 0,1)

<br>

O7= (0,1,0)

<br>

i-(1,0, 0)

<br>

Thus every vector of R' can be represented as a

<br>

unique linear combination of and
.

<br>

Similarly for x=(a, X, x;) e R

<br>

(i)

<br>

= x(1, 0) + x, (0, 1)

<br>

:. =(, X, x) = (*1, 0, 0) + (0, x, 0) + (0, 0, x,)

<br>

=x(1, 0, 0) + x,(0, 1, 0)

<br>

+ x,(0, 0, 1)

<br>

= xi + xj + xk

<br>

Thus every vector ofR can be represented as a unique

<br>

linear combination of 7,7 and .

<br>

(-1, 2, 3) = -T+27 +3k,

<br>

(3, –2) = 37 - 27. (4, 5) = 4 + 5j

<br>

(ii) T-7= 0

<br>

||= 17|= 1

<br>

171

<br>

(2, 0, 3) = 2 + 07 +3k = 2 + 3k

<br>

For the vectors = (1, 0) and j= (0, 1) of R²

<br>

(ii) 77 = jj= 1

<br>

For the vectors = (1, 0, 0), j = (0, 1, 0) and

<br>

k =(0, 0, 1) of R3

<br>
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<br>

() 1|= J|=||=1

<br>

()

<br>

(ii) 7.7=jj=k.k=1

<br>

Example-3 : Evaluate

<br>

(i)

<br>

(iii) 7-j=jk=k.i=0

<br>

() (27 + j-)- 37+ 2R)

<br>

Solution :

<br>

(ii) (37 - 27+ R) · (s + 37 + 2R)

<br>

(27 + j-) (T-37 + 2Ã) = (2, 1, -1)· (1, -3, 2)

<br>

= (2)(1) + (1)(-3) +(-1) (2)

<br>

=2-3 -2

<br>

= 1|

<br>

=3

<br>

(3 -27+ ) (5 + 37 + 2k) = (3,-2, 1)· (5,3, 2)

<br>

= (3)(5) +(-2) (3) + (1) (2)

<br>

= 15 - 6+2

<br>

[9] Outer product / Vector product I Cross

<br>

product of vectors in R3:

<br>

The outer product of vectors = (1, X, X3) and

<br>

=V; Y2s 3) in R is denoted by x , which is defined

<br>

as follows.

<br>

2 3

<br>

(Note : Outer product is not defined in RZ)

<br>

Properties of Outer product :

<br>

For the vectors , and Z of R3

<br>

(i) x = -x

<br>

(ii) x T=0

<br>

(iii) Fx k = kë x = k (7 x )

<br>

Aptltudo Tost (Mathomatlca

<br>

(iv) Fx ( +)=Ix + xz

<br>

Note that outer product of vectorsis a vector
and

<br>

product is not commutative.

<br>

Forthe unit vectors
T =(1, 0, 0), J = (0,1,0)

<br>

k = (0, 0, 1) ofR3

<br>

() Txj= k, Jxk= 7, kxz7

<br>

(ii) Tx T=jx j= k xk= 0

<br>

Example 4 : Do as directed

<br>

If
= (2, -1, 3) and

= (1, 2, 2), then fnd

<br>

(I+ ) x (- ).

<br>

Solution :

<br>

+ =(2, -1, 3) + (1, 2, -2)

<br>

= (2+ 1, -1 +2,3 -2) =(3, 1, 1)

<br>

F-= + (-1)

<br>

= (2, -1, 3) + (-1) (1, 2, -2)

<br>

(2, -1,3) + (-1, -2, 2)

<br>

= (2-1,--2, 3 +2) = (1, -3,S)

<br>

: (F+ ) x (*- )= (3, 1, 1) x (1, -3, 5)

<br>

|7 7

<br>

1 1

<br>

|1-3 S|

<br>

3

<br>

(i) coS a =

<br>

(GTU:Jan.2013

<br>

=T(6+3)-7(5 - 1)+(9-0

<br>

= 8 -14j -10k

<br>

= (8, -14, -10)

<br>

[10) Angle between vectors :

<br>

Angle beween two vectors and is denoted

<br>

If (7^y) = a, then

<br>

||||

<br>

= COS

<br>

where a e [0, n]

<br>
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<br>

(i) sina=

<br>

1

<br>

by F1 .

<br>

If F 0, F 0 and (T^ )= I

<br>

1Ve will accept both the above results without proof. Solution :

<br>

Perpendicular Vectors :

<br>

Thus, l (T^)=

<br>

called perpendicular vectors to each other. It is denoted

<br>

(A)

<br>

where aE [0, ]

<br>

Ans. : (A)

<br>

.. 1S a unit vector.

<br>

Here,

<br>

i =0

<br>

a sin

<br>

cos (T^ ) = cos

<br>

Thus F . = 0 if and only if 1 .

<br>

V25

<br>

= 0

<br>

Multiple Choice

<br>

+

<br>

(B)

<br>

(D)

<br>

16

<br>

2

<br>

2

<br>

is a unit vector.

<br>

,then and y

<br>

25 V25

<br>

=2-1.

<br>

Example-5 : Do ns directed
:

<br>

(0)

<br>

()

<br>

2.

<br>

If A7-j - 3 und Dm 7+ 27 - k, then

<br>

prove that A x is perpendicular to A.

<br>

3

<br>

=T-7- 3k = (1, -l, -3)

<br>

B=j+27-k (2, I, -l)

<br>

= 7(|+3) -7 (-1+6) + k (1+2)

<br>

= 4 - 5j +3k

<br>

× B=|| -1 -3

<br>

2
1

-1|

<br>

= (4, -5, 3)

<br>

Now

<br>

( x B) = (4, -5, 3)
.

(1, -1, -3)

<br>

Thus as x B) A = 0, (x B) I A

<br>

(Solution with Explanation)

<br>

(A) (5, S)

<br>

Ans. : (A)

<br>

(C) (5,5)

<br>

If =3i -j and b=i+3, then (a+ 2b)
= ...

<br>

= (4) (1) + (5) (-1) + (3) (-3)

<br>

= 4 + 5-9

<br>

0

<br>

Ans. : (A)

<br>

+ 2b = 3 - 7+ 2(7 + 37)

<br>

= 57 + 5j

<br>

(A) V186

<br>

= 3 - 7 +2 + 6j

<br>

= (5, 5)

<br>

(C) V83

<br>

(B) ($, -7)

<br>

(D) (7,-5)

<br>

If a =(2, 1, -1) and 5 =(1, -3, 2), then |2 - 36| =

<br>

2a -36 = 2 +(-3) b

<br>

173
<br>

(B) /196

<br>

(D) 21

<br>

= 2(2, 1, -1) + (-3) (1, -3, 2)

<br>

= (4, 2, -2) + (-3, 9, - 6)

<br>



8.

<br>

7.

<br>

5.

<br>
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<br>

6.

<br>

4

<br>

Ans. : (B)

<br>

(A) -1

<br>

(C) 1

<br>

Ans. : (D)

<br>

: |2 - 36|= /1

<br>

=3

<br>

If = 2-27+* and B= +37+4k, then9.

<br>

(C) 2

<br>

Ans. : (D)

<br>

Ix (2) =........

<br>

(A) 2|7

<br>

Ans. : (A)

<br>

Ans. : (C)

<br>

(A) 3

<br>

(C) 3

<br>

(C) 0

<br>

-b = (2- 27+ ) .+37 + 4E)

<br>

(C) 12

<br>

(A) 5

<br>

= (4-3, 2 +9, -2- 6)

<br>

=0

<br>

= (1, 11, -S)

<br>

+ 121+ 64 = VI86

<br>

Ix (27)= 2(Fx )= 2(0) 0

<br>

= (2) (1) + (-2) (3) + (1) (4)

<br>

=2-6+4

<br>

(37 -j+ 2)- (27 + j- ) =.....

<br>

(37 -7+2k) (27 +j-k) =(3,-1, 2)
-
(2, 1, -1)

<br>

= (3)(2) + (-1) (1) + (2) (–1)

<br>

=6-1-2

<br>

(B) 0

<br>

(D) -2

<br>

If |7|= 2, then |-3 7| =......

<br>

(A) 6

<br>

|-3F| = |-3|| F|= 3(2) = 6

<br>

(7+ ) (T- )

<br>

(B) 27

<br>

(D) 0

<br>

(B) (6, -1, -2)

<br>

(D) 3

<br>

If |Z|= 2 and ||= 1, then (7+ )· (7- ) =

<br>

(B) -6

<br>

(D) 18

<br>

(B) 4

<br>

(D) 2

<br>

10

<br>

12

<br>

=4-|=3

<br>

Ans. : (C)

<br>

(A) |7- (Tx F)

<br>

(C) Fx F

<br>

2-(|)?

<br>

Ix (F- )

<br>

= 0+ p x

<br>

= Fx

<br>

(A) |7

<br>

Ans. : (A)

<br>

(C) |*|

<br>

Aptltudo Tool<br>

F(7+ P)

<br>

= |+0

<br>

If Fl , then : (r + ) =......

<br>

Ans. : (4)

<br>

(C) (-5,-2, 1)

<br>

(A) 0

<br>

Ans. :(C)

<br>

11. If z x = (1, -2, -5), then x (F+ ) =

<br>

(A) (-1, 2, 5)

<br>

(B) (-1, -2, -5)

<br>

(B) x

<br>

(D) 0

<br>

(: xI= 0 and

<br>

= -(7x )

<br>

(B) 0

<br>

x (7 + ) = ( x ) + ( x y)

<br>

(B)

<br>

|=)

<br>

=-(7x ) + 0

<br>

Fx = - x)

<br>

(D) || |l|

<br>

F= ]+k = (0,1, 1) and

<br>

=-(1, -2, -5)

<br>

=(-1,2, 5)

<br>

(D) (5, 2, -1)

<br>

Angle between the vector F=j+k and Y-axis i

<br>

T

<br>

(C)

<br>

2

<br>

Unit vector in the direction of Y-axis=

<br>

i. Angle betweenF and Ý-axis = c0s

<br>

(|FII)

<br>



Vectors

<br>

1.

<br>

2.

<br>

3

<br>

4

<br>

5

<br>

6.

<br>

7.

<br>

8.

<br>

= cos

<br>

... is a unit vector.

<br>

(A) (1, -1)

<br>

(A) V50

<br>

(C) (sin 0, cos 0)

<br>

(C) 13

<br>

(C) õ

<br>

|37 +47 + 12k| = .......

<br>

(0, 1, 1) · (0, 1, 0)

<br>

Wo+1+l: J0+1+0

<br>

0+1+ 0

<br>

N2(1)

<br>

(A) zero vector

<br>

(A) -

<br>

(1,0, 0) x (0, 0, 1)= ......

<br>

(A) (0, 1, 0)

<br>

(C) unit vector

<br>

jx k=...

<br>

(C) 0

<br>

If a

<br>

Multiple Choiceoisti

<br>

For every vector F 0 of R2,

<br>

(C) =

<br>

•(A) 2

<br>

(C) 3

<br>

(A) 0

<br>

(B)

<br>

(C)

<br>

(D) (-1, 1)

<br>

(1, 0),

<br>

(T ^j)=....

<br>

(B) 12

<br>

(D) 15

<br>

(B) (0, -1,0)

<br>

(D) (-1,0, 0)

<br>

|+ b| .....a|+ |b|

<br>

(A) >

<br>

(B)<

<br>

(B)

<br>

scalar!

<br>

(D) constant

<br>

(B) 7

<br>

(D) 1

<br>

If(1, -2, 3) · (4, 5, m) = 0, then m =

<br>

(D) none of these

<br>

is

<br>

(B) -2

<br>

(D)0

<br>

(B)

<br>

2

<br>

(D) ,

<br>

9.

<br>

(MCO's) with (Final Answers)

<br>

11.

<br>

12.

<br>

= cOs

<br>

4

<br>

15.

<br>

If F = |7|= |F|=V2, then (F^) =

<br>

(A)

<br>

(C)

<br>

10.E2bs

<br>

**

<br>

(A)

<br>

4

<br>

2

<br>

(C) + Æ

<br>

(37) x (3) =

<br>

(A) 0

<br>

(C) -1

<br>

,= (2, 0), then| 14. 7.7+7k +k •= ...

<br>

(A) 16

<br>

(C) 20

<br>

(C) (

<br>

(A) 1

<br>

e (B)

<br>

(C) 3(F· F)

<br>

(sec , tan 0, -1). (sec 0, -tan 0, 1)=...

<br>

(A) 1

<br>

(B) 0

<br>

(D) 2

<br>

i13. If||=4, then F (57) =...

<br>

(A) T +j+*

<br>

(1) C (2) C

<br>

(6) C (7) A

<br>

sa (D) |E

<br>

(11) D (12) B

<br>

(D) 0

<br>

(C) - -j-k

<br>

3

<br>

(B) 3(7x y)

<br>

(D) 9(7x F)

<br>

Tx j+j x k + kx =....

<br>

(3) B

<br>

(8) B

<br>

(13) D

<br>

(B) 25

<br>

(D) 80

<br>

(B) 3

<br>

(D) + j+k

<br>

Answers

<br>

(B) 3

<br>

(D) õ

<br>

(4) C

<br>

(9) A

<br>

(14) C

<br>

eeeeee

<br>

175

<br>

(5) A

<br>

(10) B

<br>

(15) A

<br>


