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7. Integration

[ntroduction :

In the chapter on differentiation, we hav
jartt that how to find the derivative ' of the given
fncton f. We hn_\'.e leflmt Some applications of
deri\“ﬂﬁ"es als?~ N(?w,l .m this chapter, we shall study an
gperstion which is ‘inverse' to differentiatiop For

¢ already

d 5 _ .4
ccample, We know that 2 ° =53¢, Butif we rais the

question that derivative of which function is 5x4 9 Thep
ivis difficult to find the answer.

Let us frame a general question, “Is there a

finction whose derivative is the given function f 2 The

process to find answer to this question is called
‘Antiderivation’. It is possible that this question has no
answer or it may
have more than one answer. For example

d d
EP=5x4, = (x +4)= 5x* and in general

d
E(IS +4)=5x*  where ¢ is any constant.
Defintion : If for the function g(x) defined on the

interval [ R, % g(x) =f(x), V x € ], then g(x) is called

2Primitive or antiderivative or indefinite integral of
f9). 1t is denoted by [ fix) dx. Here, the process of
inding g(x) for given f{x) is called antiderivation or
Indefinite integration.

J fx) dx denotes, integral of f(x) with respect to x.
In[flx) dx, f (x) is called integrand.

In | fix) gx, [ ... dx indicates the process of
integration with respect to x.

Some results of Antiderivative :
Iffand g both are differentiable functions on (a, b)
ad £'(x) = g(x), V x € (a, b), then fix) = gx) +
¢, where c is a constant.

Thus if -‘—I— S(x) = -{-I— #(x) = h(x), then J h(x) dx =
dx dx

g(x) and | h(x) dx = f(x).
But flx) = g(x) + ¢, so | h(x) dx = g(x) + ¢
Hence if one integral of si(x) is g(x), then any other

integral of A(x) is g(x) + c. Here, c is called an arbitrary
constant,

Note : Let us perform the operation of differentia-

tion and integration successively in any order.

)

®)

)

By defintion of antiderivative, we know that

% 800 ) & [ 1) de = ga) + ¢
d
& U= £ g+ 1= 2 g = 1)

and I [%g(x)j‘ dx = [ fix) dx = g(x) + ¢

If fand g are integrable functions on (a, b), then

JTfx) + g()] dx = J fix) dx + | g(x) dx

In general,

[THG) +H) + ... + ()] dx =

A0 0 dx + [ x) (1) dx + o+ 1 £ (x) (x) e

If /s an integrable function on (a, b), and k e R,
then

[k (x) dx = k | fix) dx

If fand g are integrable functions on (a, b), then

J[fx) = g(o)] v = | fx) ddx — [ g(x) k.

In general,

[ A0+ ky o () + e 4k, f, (¥) e =

ky [ f (%) dx + ky | Hx) de+ o+ k| £(x) d
Results (2), (3) and (4) are known as working rules

of integration.

b
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| T &= log |x| + ¢ ¢ € R- {0}
Q)

@ sin, ’
) fsmxd\=—cosr+c x € R
G)  Jsec2y g <
S&xdr~tan-x+cxeR—{(zk‘”)%/keZ}
) [cosec2e 4 _ ~
o i sec~xdx-~cotx+c,xeR—{lm/keZ}
ecx-tanxcb~=secx+c,
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*€R~{kn/ke z)
9) ol W A ;
fa dx logea+c,aeR+—{l},xeR
S e =y,
1
1) | 5——ar=Lygp1(x
W | arze=turi(f) rhaer
xeR
__1 -1[ x
= Ecot ;"‘c,aER—{O}’xER
1 I 24
11 dr= =il )
(11) fxz_a 2a ogl ra| TR0
1 ] x+al|
12 di= — | Haat
( )faz_xz 2a og/X“’ i v

Aptitudo Tost (Mathemat|cg &g

= log |x + \/xz + a® +¢, xeR

Q
l i = sin”! ( "‘) ) '
;,_-.-s'(.\" 8 - | ofe 2
(14) .[:/“1 gl a

1 et (X)),
|x| y* —a 0

Example-1 : Obtain the following integrq)q :

(1) I(4x3 = %+sinx— ex) dx

2
@) I(x+ i—) dx

3xt +2x+5
@ | ———a
X
1.
dx
& [ 25
e
dx
® I 4 2
Solution ;

§)) I=I(4x3—;+s1nx—edex

= 4J'x3dx¥‘[%cbc + Isinx dx—jex‘i’f

4
=4x x
7R log |x| —cosx— e* +¢

i ey Sy ST




2 .
=%—+2x+510g|x|+c
1 1 1
= dx = dx:—t -1 £
01 '[x2+25 J.xz+52 5 " (5)+c
1=l
o
) 2% - x?

. -] (x)
=sin |=|+ ¢
2

4] Method of Substitution for Integration :

Sometimes if the integrand f{x) is not in one of the
tandard forms or cannot be easily converted in one such
borm, then we may use a very useful method of substitu-
tion,

U Substitution (Change of variable) rule : If g is
continuous and differentiable function, g'(f) is
continous and g'() # 0 and a function £, defined on
I ¢ range of g is continous, then x = g(f) gives -

&) dx = [ flg()) g(e) a
b fx) dx = F(x), then | flax + b) dx
o & |
" 3 Flax + p)
m Frorn.the above result, the general forms of. all the
; “d forms of integration stated in the section 3.3

© Written as follows.

)

\,MI
J‘x" dv=—— 4 ¢ =
n+

()

(ax + b)""* l
a(n+1)

I(ax+b)"dx= +c

o 1
(i) I¥d\'=log]x|+c:

j l dx=llog|ax+b|+c
ax +b a

(i) Icosxdx=sinx+c:
Icos(ax+b)dx=%sin(ax+b)+c
(iv) Jsinxdr=—cosx+c=
.fsin(ax+b)dx=;11-cos(ax+b)+c
(v) Jsecxdx=tanx+c=

Jsecz(ax+b)dx=%‘tan(ax+b)+c

[ vi)  fcosec?x dx =cotx + ¢ =

[ cosec? (ax + b) dx = —% cot (ax + b) + ¢

ax

(viiy [a*dx=

+c >
log a

aP*tq

IaPX+¢I_dx= +e

ploga

1
— X +b +
a

(vill) fetdv=er+c= [P = %

1
.[ 2 2

X" +a

1
I 2dx=Lmn‘l(L+B)+c

(a.x+[3)2+a aa a

. _1 o fx
(IX) dx—amn (a)+c:

X—a
X+a

1 1
f—Zdv=s-log
x —

+Cc
a 2a

(x)

0.\'-!-B—a

I ! — dx = !
0.\‘+B+a

(@ +p)?-a*  2aa

log

+c
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h+1
For €Xample,
[ sin3x . COs x dx = f(Sin Xy (i SinxJ dx
dx
_ sinx +
-+
4

@ [ L decog iy

For example,
Lk

2x _ dx
J.x2+ldx—f x2 41

(x2 +1)

(5) [tan x dx=log [sec x| + ¢
(6) [cotxdx= log [sin x| + ¢

dx = log |x2+1|+c

(7) | cosec x dx = log |cosec x — cot x| + ¢

= log

X
tan —
2

+c

(8) [sec x dx = log [sec x + tan x| + ¢

= log Itan (£+ ﬁ)
4 2

+c

| sl\I||
. . )
Example-2 : Obtain the following mm

o |

dx
9 + 4x?
dx
) I 16 — 25x*

dx

1
o ==z

Solution :
& _ J' dx_
9+4x* * (3)% + (2x)

@M 1=

16-25x" 7 (4)2 - (552
11 5x+4
=< — log +c
5 2(4) 5x-4
Llo Sx+4 e
40 5x -4
@ =] & __ dx

; =lsin-'l(3—x)+c :
: 3 4 -
[5] Rule of Integration by Parts :

We know the rule of
two functions. Now we

integration by parts.

interval (a,
(a, b), then

differentiating the productof

will learn a method to find \
integal of product of twe functions. It is known as ruleof |

“If fix) and 8(x) are differntiable functions O:
b) and f(x) and g'(x) are continous °

I/(x) g'(x) dx:f(x)g(x)—ff'(x)g(x) dx,X € (“’b)

W

a
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P-ms. Let us

- SuppO

e.g. logx
[ : Inverse Function
e.g. sinlx, cos7lx, tan7lx, ... etc.

: Algebraic function
e'g‘ x3’ x2 + 2x + 37 '\/; 9 oo etC.

: Trigonometric function

e.g. sin x, cos x, tan x ... etc.
: Exponential function

e.g. e, 2%, ..l etc.
First letters of above functions generates LIATE.
The first function appearing in LIATE order is taken as
u. For example,

() Inthe product x log x, x is algebraic function and
~ logxis logarithmic function. Now in LIATE rule,
logarithmic function precedes algebraic function.
Hence we take u = log x and v = X.
Inthe product x2 sin x, x2 is algebraie function and
sin x is trigonometric function. Now in LIAT.E
e, algebraic function precedes trigonometric
function. Hence we take u = x> and‘v = sin x.
Some times if we have to use this rule for the
function like tan-lx, log ¥, sinlx etc., we.take
these function as u and 1 as V. For example In
ly . 1 dx, take ¥ = tan~x

I=[tan-lx g = [ tan™
and v=1,
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WQ/—T— known as th
his rule S ¢ rule of integration by | Example-3 : Obtain the following integrals :
e*
represent the above rule in the different :[x .
se f(x)=uand g'(x) =y Solution :
du I =] xe dx
r= 5 adg@ =1 |
: y . )
i i . - | = dx | dx
By substituting these values in the rule of integra- x|er dx ( p x Ie ‘
: _ d cu=x, v=69
ﬁonb)’Pa“s’Iuv‘Lt uIde_I(EuIvdx)dx (
| =xe —[1(e)dx
for the choice of u and v in the above rule, we will = xe* - [ e dx
yeep the following order in mind. 4=,
L : Logarithmic Function =xe*-e*+c¢
=(x-1)e*+c

[6] Some more standard forms of Integration :

1) [ +7)] e de=esfi) + ¢

) I x2+a2dx=§\/x2+a2 +
2
2 log |x+ \fx2+a2 +c
201 ,
@ [F-da=iP-a-
2
2 log |x+ \/xz—az +c
oy [FR I A Tt (2]
@) | 2 5 ~|*e

5) | ™ sin(bx+ B de

ax

az+b2

[a sin (bx + k) - b cos (bx + k)] +

©6) je‘”‘ cos (bx + k) dx =

e ‘ :
;2:_1)-2- [a cos (bx + k) + b sin (bx + k)] + ¢
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Definite Integration
Fundamental
lntegration 3

[z
! Prlncipal of Definite

d
& 70 =), then J 7 ax - [FCOL, = F#) - Fay .
This Principa] jg kno : e
pal of de finite integratioﬂ_wn as the fundamenta] princi-

Here, F'(x) = fix). so,

Iy = Fgoy +
Where C1s an arbitrary

Constant. Byt

b
[ 76 = [Feyy 4 o

= (F(b) +c) - (F(a) +¢)
= F(b) - F(a)

(1) [fa=o0

b a
@ Jrea=-] rema
a b
(3) The value of definite integral does not depend

b b
upon variable x. i.e. _[f(x) dx = _[ S @) dr
b b b -
@ JU+emlar = [ e ac+ [ g0x) dr

b b .

(5) f k f(x)dx=k _[ f(x) dx, where k is constant,
a a

Ifa < c<b, then

(6)

c b
f Sydv= [ fdc+ [ £(x) ax

1@

7y Rule of substitution for definite integratiop, :
N If x = g(f), a = g(o) and b = g(B), then

p
T Jx)ydv = [ fg0) g't)+ad

®)

Rule of substitution for definite imegration :

f[ f(x) g'(x) dx = [f(b) g(b) = f(a) g(a)]

b
- I S(x) 8(x) gy

In another form

[wac[ufva] - (2

a

Ivdx}dx

[9]

Some useful results for

Definite
Integration :

(1) ]lf(x)dx =[ fla-x dx
0 0

b b
Jr@dr = flass-a

2a a a
(3) If(x)dx=ff(x)dx+'[f(2a-—x)dv
e o1 . :

@ [ fxa=2 [ 16 ax, i fQa-x)=1x
0 -0

=0,if f(2a—x)=_/(x)

®) [ de=2] s ar.
N !

if / is an even function

=0,iff is an odd function

(Note : If flx) = fix), Vx, then fis called an ¢¥¢"
function.

Iff(-x)=

—Ax), V x, then f is called an odd fun®
tion.)
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N
|nlegmtl°n 2£3_
E;aﬂlple"‘ . Obtain the following integrals :
n
. 3
1 B Q) I= I sin” x dx
0 Iz * =
Here, f{x) = sin3 x
I sin’ x dx S0 = sin? (-x)
y - = (- sin x)3
Solution : =—sin3 x
2 —p—
(= [ e
Y . . f is an odd function.
Here, /(1) =% - f(=x) = (=x)* =3 = _fly) 1=0

. fis an odd function
. I=0

e
M (5 d&=... +c
8 6
X X
A) — B) =
OF OF
(C) 7x6 (D) 7 log x
8
" Ans.: (A)
(A) 3
Explanation :
1=Ix7dx
_xs . I"nd"_ n+l+c
Tte (0 n+l
@) Ld\‘_
T
&) L B) -~
X x
:\ﬁ
| © - L
~ )32 D)3
'u{.*

Explanation :

_ 1 _ 2, x—2+l
[= I—;dx— I.\ dx = _2+1+c
-1
=—+c
1
=-—+c
X
xloga =
@) [e'8 ax M
(A) ealogx (B) &
&
© Toga (D) log a
x
ADs. : (€) o0z

Explanation : | je"mg" dx = Ie‘ogax de-= I a* dx

X

= +c
loga™
@) [ (sin?x +cos?x) dx = ... + ¢
(A) x (B) 2x
(C) sin 2x D)1

Ans. : (A) X
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‘Dlanntion : g
I=(sin2 sinx cosX . — ... ¢ q
(sin2x + cos2x) dx=[1qgx= % o 8) j " =7, dx A
(5) Ie““g SeCcx o =
BETTS e + C ] (B) l (l + . 2 2
(A) sec 1 1 + sin%x] Py Sincx)
(©) si S (B) cos x )3 log | 2
nx ) D)log |1 + sin2y
ADS. 2 (C) sip ) fanix (C) log cos x ) s
1 )
Explanation s I= J‘e—los seex g Ans. : (A) 3 log |1 + sin x| ’
0 sinx cosx Y
- J’ 2198 (secx) e Explanation :I = Lot S .
= [ elog cos x dx
1 J» 2sinx cos x
~fcosxax (o qosax -3) T 27 1+sin’x
=sinx+¢ d 7]
(6) Imﬂ%d: ....... +c 1 —(E(l"-Sln x)
: = dx
(A) 2 tan x sec2y (B) tan x — x ZJ. 1+sin? x
(O tanx +x (D) sec x tan x d
Ans. : (B) tan x — x Gl (1 +5in?x) = 0+ 2 sin x ¢oq.
Explanation : | = [ tan2x dx ) '
_ s - =2 sin x cos x)
= [ (sec2x — 1) dx
(~ secZx — tan2x = 1 . L log |1+ sin2x|+c (
Stanx-x+ ¢ 2
, 9 1 = ey
(N [T+sinoxae —__ +e 0 CASED S e
(A)xlog x + x B)xlogx—x
| (A) cos x + sin x (B) cos x — sin x 1 A
' (C) sin x — cos x (D) —sin x — cos x (C) x log x D) =
Ans. : (C) sin x —
(C) sin x — cos x Ans. : (B) x log x — x
Explanation : I = J 1+ sin2x dx Explanation : 1 =] log x dx
_ J 2 ) ) _ d ‘
I COs” x + sin“ x + 2sinx cosx dx —logx]ldx_j Z—longldrdr
Y
("~ cosx + sin%x = 1, sin 2x = 2sin x cos x)
I (v u=logx,v=1)
[ = I \/(cosx+ sinx)2 dx 1 ‘
=xlogx - I — x dx
=f(cosx+sinx)dx ¥
=sinx —cosx+c¢ “xlogx-[1d
) =xlogx—-x+¢
A
L - <
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tegf"ﬂon
f

=

% ’_T)dx= ........ +c
(10) Ie (x X

; Cal
ks B) =
0% (D) (x - 1)ex

ABS: :(A ) %_

Explanation :1 = I (x zl)e" dx
x

Il
——
I/
® |-
+
|
= ,._.

N
N—
N——
mx
&

8
d
(11) !’x‘ = e
(A) log 1 (B) —log 8
(C) log 8 (D)1

Ans.: (C) log 8

8 .
Explanation : 1= I % = [log |x|]?
-

= log8 —log 1
=log8 (v log1=0)
l 4
(2) | ——
) J(; 1+ x2 dx = Gessavens
(A) n (B) 2n
¢y 2 >
©% ® 3
All!. . (A) n

0
CET 1 29/ 2024-25

1
Explanation : I=I
0

4 [tan~! 1 — tan™! 0]

i

=7
2
) [P
-2
(A) 4 B)0
1 1
© 3 ©) -5
Ans. : (B) 0
: 2
Explanation : I = I x> dx
| -2
Here, f(x)=x3
- ) = (2P =3 =)
. fis an odd function
I=0
1
14) [xSde=....
-1
*) -2 ® 3
© -3 ®) 2
Ans. : (D) ;2,-

: 1
Explanation : 1= I x® ax
-1

(+ fix) =x8 o fl-x) = (%) = x6 = flx)

-. f is an even function)
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e o \
2 5o
\ 51— 2
=2[i] Explanation : 1= I xe(=)" e
3 -2
0
. 3
2 2 .
=30-0==2 Here, fix) = (1-x )2
0 = 3
D Jpan L =R (1= )
8 3
@3 ®) 3 == (1)
©o (D) none of these =—f(x)
Ans. : (B) g fis an odd function
I=0
1
Explanation : [ = ( +1) & f logx dx =
_Il a7n _!- 08X Axi= lwui
Here, fix)=x2
fix)=x2+1 (A) 0 B)e (O)1 D)e-1

Ax)=(=x)2+1=x241 = f(x)

\ :
= fis an even function
1
I=2[02+1)ax
0
- 3 l
=2 3t—+)c]
L 0
[( 23
=2 (—(l+lj— (9+0J}
i 3 3
=2[l+1)=2(’£)=§
3 3 3
2 3
a6 [Fa-xH2a = .
-2
(A) 0 (B) 4
3
(C)E D)5

Ans. : (A)0

Ans.: (O)1

Explanation :

I= | log x dx

—_——n

= [logx [1 dx]:- i (%logx J'ldx)dr
1
(*+ Rule of integration by parts)

g e
=[xlogx]]e—'|'%c..x o
1

e
=(eloge-1 .|0g1)_jl dx
1

= -1~ [+

("' loge= l,lOg 1 =0)
=e.‘_(e__1)
=1
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mlegration

\
. [ sin®x costxdx= ...
(1%
A1 B-1 (©)o D) %
Ang, H (C) 0

1

. 3 4
nation : [ = I SIN” x cos® x gy
Expla :

Here, f{x) = sin3x cos4x
. fl-x) = sin’(x) cos(—x)
= (- sin x)3 cosdx

= — sin3x cosdy

3
(A) 2% ®)
C)x D)2
O [Sde=.. +c
4
(A) 3x2 (B) "7
(C) x* (D) 3x2
O [da=_.. +c
(A) Y (B) 4x3
5
C) % (D) 4 logx
4 I % d = ... =@
(A) x-! (B) x~2
(C) -2 (D) log x|

227
—
=-fix)
" fis an odd function.
I=0
(19) Area of the region bounded by the curve
x2+312=9is ...
(A) 9m (B)4n (C) 8l1n (D) 9

Ans. : (A) 97

Explanation : Here, x2 + 2 = 9 represent a circle
with radius 3.

Required area= 772
= 7:(3)2

=9n

Ouwx Dt
© [ag =t

W=l wiw()

o33 ouw(
M Jarz e

@ w2 @ e 2)

ow)  om()
® | azl—xz d5 = b
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® .fSin.\‘d\‘= ....... +c L
(A) cos x (B) - cos x (17) ,[L"‘ dy =
(©) sin x (D) -sin x 0 -1
(10) feosxae=_ +c Eg;;-—"
(A) cos x (B) —cos x e
(C) sin x D) — sin x e 2 v
(D) [tanxae=_ +c S e L
(A) log |sec x| (B) log |cos x| Al
(©) log |sin x| (D) log |cosec x| 1
(12) Jeos (@ +bydrm.. 4, a9 | —
o 1+x
(A) sin (ax + ) (B) - - sin (ax + b) ,
, (A 5
© 2 Sin (ax + b) (D) % sin (ax + b) 1
(20) J Sde = ...
(13) [ 5= G0N o
a” — x= '
_ | (A)-1
(A) sin™! (2) B) %]og ;:tz 5
@D [ xde=.....
© -2—la-log ;‘:Z (D)zllo x+a =2
a X —-a (A) 4
a4 | f" =t C 2
x*-a @2) | St
0 X
(A) log|x +/x? ~a2, B) log |x —/x* - @ @
2
- 1 =
(C) sin 1(2) (D) 3, o8 | 23) } =
1 X2 +1
1
(A)log s
asy [xa -
0
©) log =
(A) 1 (B) -1
1
© 5 ®) -3
(B () B
. 1
: © B (7) A
(16) { FE = (IDA (12) C
) 0 ®) 1 (16)B  (17) A
© 2 D) 3 enB  (22) C

nnnnnnn

-(B)e

+ 1

D¢

C)e

--------

s
© %

©) 1

-k K

@ D
@) B
(14) A
(19) D

D)e-
©) 3
®
®) -3

(D)=

6 €

10)C |
(15 ¢ |
(208 1




