DESISTUDENTS.ME

Term Work Assignment- 1 Solution

Subject Name & Code:
Mathematics- I - BEOIR00041

TWA-1: Indeterminate Forms and [L’Hospital’s Rule

(Disclaimer: The purpose of these Al-generated responses is just education and reference. Utilise them to grasp topics and structure,
but always rewrite in your own words and double-check the content before submitting. Academic misuse is not the creator's fault.)

x - 2 «
1. lim, ,  &te =2 =2
o T
Answer:

Step 1: Check Indeterminate Form

Substitute z = 0:

Numerator: e’ + e —0-2=1+1-2=0

Denominator: sin®(0) — 0 = 0

This is of the form % Apply L'Hospital's Rule.

Step 2: Apply L'Hospital’s Rule (Differentiate Numerator and Denominator)

Let L = lim ‘;_'lf[er he™—2 1 = lim ¢ e’

z—0 % [sin® & — 2] z—0 2sinx cosx — 2x

Simplify denominator: 2 sin x cos ¢ = sin 2z

e* —e -2z
L = lim —
z—0 sin2z — 2z
Step 3: Check Form Again (g) and Apply L'Hospital's Rule Again

" %[ew e * — 2z] . EFET-2
L= lin d [ e 2 2 2
z—0 ;o [SlIl 2x 21;] z—0 ZCOS 4T
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Step 4: Substitute z = 0

Numerator:e’ + e’ —2=1+4+1-2=0
Denominator: 2cos0 — 2 =2(1) —2=10
Still % Apply L'Hospital's Rule a third time.
Step 5: Apply L'Hospital's Rule Third Time

dle* +e® 2] . €5 —

L = lim

Step 6: Substitute z = (

Numerator: e’ — e’ =1-1=0
Denominator: —4sin (0 = 0

Still g Apply L'Hospital's Rule a fourth time.
Step 7: Apply L'Hospital’s Rule Fourth Time

DESISTUDENTS.ME

e—il:

d i N——
z—0 E[zcoszaz - 2] t—0 —4 sin 2z

d [ea: . e—:l:] . et +e®

L = lim -4= =}

d : o
z—0 E[_z} sin 2:1;] z—0 —8 cos 2

Step 8: Final Evaluation

Substitute z = 0:

I— e?+e  1+1 2 1
~ —8cosO0 -8(1) -8 4
Final Answer:
1
2. i, 3 ﬁ
Answer:

Step 1: Check Indeterminate Form

Substitute z = 1:

Numerator: 1! — 1 =10

Denominator: 1 — 1 — log(1) =0—-0=10
This is % Apply L'Hospital's Rule.
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Step 2: Differentiate Numerator and Denominator

Let f(x) = * — z. To differentiate z*, lety = 2*. Thenlny = zInz.

i% =hz+l1 = Z—i =2z°(lnz +1)

Therefore, the derivative of the numerator is:

f(z)=2z°(lnz+1) -1
The derivative of the denominator g(z) = — 1 — logz is:

1
/
z)=1- —
g (z) "
Step 3: Apply L'Hospital's Rule Once
y *lnz+1) -1 *(lnz+1) -1 ! 1) -1
TN A bt ek Tk il TN ki
z—>lg(:1:) z—1 1-—- = z—1 —J’I z—1 z—1

Step 4: Check Form Again (g)

Substitute z = 1:

Numerator: 1- [1}(In1+1) —1]=1-[1(0+1) -1 =1-(1-1)=0
Denominator: 1 — 1 =0

Apply L'Hospital's Rule again to this new expression.

Let h(z) = z [2"(lnz + 1) — 1] and k(z) = = — 1. We need (%
Step 5: Differentiate h(z) (Requires Product Rule and Chain Rule)

h(z) =z - A(z) — ®, where A(z) =2z"(Inz + 1)

First, find A'(z). Let A(z) = B(z) - C(z), where B(z) = 2" and C(z) = Inz + 1.
We know B'(z) = z*(Inz + 1) from before.

C'z)=1

Using the product rule:

A'(z) = B'(z)C(z) + B(z)C'(z) = [z*(lnz + 1)](lnz + 1) + = - % =z%(lnz +1)% + %
Now, apply the product rule to h(z) = z - A(z) — @
iy d - d . = o . o AT
K(z) = E[m A(z)] o [z] =[1-A(z) + z- A'(z)] — 1= A(z) + zA'(z) — 1
Substitute A(z) and A'(z):
h(z) = 2"(lnz + 1) + z |2*(Inz + 1)% + % ~1=z%nz+1)+ 2z (lnz+ 1) +2* -1

The derivative of the denominator k(z) = = — 1lisk'(z) = 1.
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Step 6: Apply L'Hospital's Rule Again

= 1li z B | 3 1V2
21 K(z) = lim [z°(Inz + 1) + 2" (Inz + 1)* + 2° — 1]

Step 7: Evaluate the Limit by Substituting z = 1
2 e =1, n{l})=10
So,

L=[1-0+1)]+[12-0+1)]+[1Q]-1=1Q)+1-1)+1-1=1+1+1-1=2

Final Answer for Question 2:

tan r—sinx
sin” x

3. lim, 0

Answer:
Step 1: Check Indeterminate Form

Substitute z = 0: tan0 — sin 0 = 0, sin® 0 = 0. ?—)
Step 2: Simplify Algebraically Before Applying L'Hospital's

: sin : :
tanz —sinz 7 —sinz  sinz(l/cosz — 1) 1/cosz~1  1-cosz

sin® z sin® z sin® z sin’ z cosz - sin’

Now, 1 — cosz = 2sin?(z/2) and sin® z = 4sin®(z/2) cos?(z/2). Substitute:
2 sin®(z/2) - 2 B 1
~ cosz - 4sin®(z/2) cos?(z/2) 4coszcos?(z/2)  2coszcos?(z/2)

Step 3: Evaluate the Limit

- 1 B 1 I
2—0 2cos x cos?(z/2) 2-cos0-cos2(0) 2-1-1

Final Answer:
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cosh x—cos x

4. limy 0 ===

Answer:
Step 1: Check Indeterminate Form

Substitute z = 0:

Numerator: cosh(0) — cos(0) =1—-1=10

Denominator: 0 - sin(0) =0-0 =10

g. Apply L'Hospital's Rule.

Step 2: Apply L'Hospital's Rule (Differentiate Numerator and Denominator)

d—[coshx — cosz| =sinhz + sinz
7

d
— [zsinz] =sinz + zcosz  (using product rule)
®

So,

sinhz + sinz

L = lim —
z—=0SINT + rCosST

Step 3: Check Form Again (%)
Substitute £ = 0: Numerator: 0 + 0 = 0, Denominator: 0 + 0-1 = 0.
Apply L'Hospital's Rule again.

Step 4: Apply L'Hospital's Rule Again

Differentiate numerator: %[sinhm t sinz] = coshz + cosz

Differentiate denominator: L [sinz + z cosz] = cosz + [1-cosz + z - (— sinz)] =
cosz + cosx — xsinxe = 2cosz — rsinz

So,

coshz + cosz

L = lim -
z—0 2CcoST — xSinx
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Step 5: Evaluate the Limit
Substitute z = 0:

_coshO+cosO_1+1_2_1
T 2c0s0-0  2-1 2

Final Answer:

E o1 *—a”*
5. lim,_,, 53

Answer:
Step 1: Check Indeterminate Form

Substitute * = a:

Numerator: a* — a” = 0

Denominator: a* — a® =0

g. Apply L'Hospital's Rule.

Step 2: Differentiate Numerator and Denominator

Let f(z) = z — a”. Then,
f'(z) =az® ' — a®lna
Let g(z) = 2% — a” To differentiate 22, as before, = [z%] = z*(Inz + 1). So,

g()=2z"(lnz+1) - 0=2z"(Inz + 1)
Step 3: Apply L'Hospital's Rule

21— a*lna

a
L=%K
2 z*(lnz + 1)
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Step 4: Evaluate the Limit
Substitute = a:

Numerator: a - a® !

~a’lna=a"—~a*lna=a*(1l —1lna)
Denominator: a*(lna + 1)

So,

_a’(l-Ina) 1-Ina
" a(1+1na) 1+Ina

Final Answer:

1—-Ina
1+Ina

: e* sinx—x—a°
6. ]llll_,._,() x24xlog(l—x)

Answer:
Step 1: Check Indeterminate Form

Substitute z = 0:

Numerator: €” -sin0 —0-0=1-0-0-0=0
Denominator: 02 + 0 -log(1) =0+0-0=0

This is % Apply L'Hospital's Rule.

Step 2: Apply L'Hospital's Rule (Differentiate Numerator and Denominator)

Numerator derivative: d—‘i[ew sinz — x — 2] = e®sinz + e*cosz — 1 — 2z

Denominator derivative: - [22 + zlog(1 — z)] =2z + [1-log(1 — z) + = - %] =

2z +log(1l — z) — %
So,

e’sinz +e*cosx —1— 2z

z—0 2z +log(l —z) — =
Step 3: Check Form Again (g)
Substitute z = 0:
Numeratorr0+1-1-1-0=1-1=0
Denominator: 0 + log(1) ~0=0+0-0=0
Apply L'Hospital's Rule again.
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Step 4: Apply L'Hospital's Rule Again
Differentiate numerator:

E[e‘ sinz + e“cosz — 1 — 2z] = (e“sinz + e"cosz) + (e” cosz — e” sinz) — 2

=e*cosx +ecosz —2=2e"cosz - ZJ

d e -1 (1)1 -=z) —z(-1)
5[291: +10g(141‘)*m]—2+ T — (1*(1,')2
1 l-z+2 1

1
1-2z (1-2)2 1-z2z (1-2)2

Step 5: Evaluate the Limit

Substitute z = 0:

Numerator: 2€’ cos 0 — 2 = 2(1)(1) —2 =0
Denominator: 2 — % — % =2-1-1=0
Still g Apply L'Hospital's Rule a third time.

Step 6: Apply L'Hospital's Rule Third Time

Differentiate numerator:

d . . ; ;
5[26" cosz — 2] = 2e” cosz — 2e” sinz = 2e“(cosz — sinz)

Differentiate denominator:

11 =0 (- -2 1 2
1-2 (1-2)2° 1-z2 (1-2B3 @@-z2 (1-=2z)3

d
—12
d:c[

(Using chain rule: d—dt[(l —-z2) %) =-2(1-2)3%-(-1) = %)3)

(1-
So,
T ol T ol T o - 3
L — lim 2e"(cosz — sinz) _ lim 2e*(cosz — sinz) _ lim 2e”(cosz — sinz)(1 — z)
20 1 _ 2 z—0 (1—z)-2 z—0 —-1—=z

Step 7: Final Evaluation

Substitute = 0:

2¢’(cos 0 —sin0)(1 — 0)*  2(1)(1 — 0)(1)

L= ~1-0 B ~1 -1

Final Answer:
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7. If lim, ”"‘2’j+“” be finite, find the value of a and hence limit.

Answer:
Step 1: Check Indeterminate Form

Substitute z = 0:

Numerator: sin0 + asin0 =0+ 0=0

Denominator: 0

%. For the limit to be finite, the numerator must approach zero at least as fast as 2°. This

implies the coefficients of the lower powers of & in the numerator's series expansion must be

zero.
Step 2: Expand Numerator Using Maclaurin Series

22)3 3 43
sin2z=2:c—ﬂ%m..:mv*8i+...:2a:*i+...
3! 6 3
. 3 az®
asmE=@a|®——+wi]=02— — +
6 6

So, numerator:

42®  az® 4 :
sin2z + asinz = (2z + az) + <i - ﬂ) +..=(2+a)z+ <*— - 2) z® + ...
Step 3: For Limit to be Finite, Coefficient of z' must be 0

24a=0 — a=-2

Step 4: Find the Limit witha = —2

Substitute @ = —2 into the coefficient of z*:
4 (—2) 4F2 4*1_ 3_1
3 6 3 6 3 2
So, the numerator behaves like —1 - zdasz — 0.
e IS
L=lim—2 ==
r—0 (1:“

Final Answer:

a=—2| and |Limit= -1

8. If lim,_,o ZUtacosz)=bsinz _ 1 614 the value of a and b.

1.3
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Answer:
Step 1: Check Indeterminate Form and Apply Series Expansion

Numerator: (1 + acosz) — bsinz

Expand cos z and sin z:

2 2t
cosr=1—- —+ — + ..
2 24
s 25
simnz=2 — — + — + ..
' 6 120
So,
x? x? azx® ba®
z(1+a(l - 5 T ...)) — b(z ry b.)=z+az — 1 bz + & + ...
—(+a-bz+ -2+
= 5+ 3

Step 2: For Limit to Exist and Equal 1
The coefficient of & must be 0, and the coefficient of 2% must be 1 (since denominator is :7:3).
So,

1.14a-b6=0

2. Fo=1

(M
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Step 3: Solve the System of Equations
From(1:b=1+a
Substitute into (2):

Multiply both sides by 6:

73(1’*’1*#(1:6
—2a =5
b)
a = ——
2
Then, b =1+ (- %) _ 5;
Final Answer:
a= - § and b= ,7§
2 2
9. limz (.l‘il - lo;l;_l->
Answer:
Step 1: Combine the Terms
1 1 B 1
L=lim|—— - _ iy Zlogz — (1)
el \z—1 logz 1 (z—1)logz

Step 2: Check Indeterminate Form

Substitute z = 1:

Numerator: 1-logl — (1 - 1)=0-0=0
Denominator: (1 — 1)log1 =0-0=10

This is g Apply L'Hospital's Rule.
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Step 3: Apply L'Hospital’s Rule (Differentiate Numerator and Denominator)

Numerator: f(z) = zlogz — z + 1
f'(z) =logz + x - % ~1=logz+1—-1=logz
Denominator: g(z) = (z — 1) log z
g(@)=(W)logz +(z 1)~ =logz + =

So,

log x
z—1log x + =
Step 4: Check Form Again (§)
Substitute z = 1: Numerator: log 1 = 0, Denominator: 0 -} % = 0.

Apply L'Hospital's Rule again.

Step 5: Apply L'Hospital's Rule Again

; - . d . |
Differentiate numerator: E[log #] = =

g : : . d iy B
Differentiate denominator: E[logm +1— ;] =2 +
So,

T

1 /7

- | z T

L = lim i =hm:1=hm—- = lim
e - B _Izz =1z z+1 z-1241

Step 6: Final Evaluation

Final Answer:

DN | =

10. lim, g (2% - ﬁ)

Answer:
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Step 1: Combine the Terms

. 1 1 . (e€+1)-2 . e -1
L=lm|———)=lim~—— =lim ———
=0\ 2z zx(e*+1) a—0 2z(e® +1)  2-02z(e* + 1)
Step 2: Check Indeterminate Form
Substitute z = 0: Numerator: €’ — 1 = 0, Denominator: 2-0 - (1 + 1) = 0.
0 ' e
o- Apply L'Hospital’s Rule.

Step 3: Apply L'Hospital's Rule

Differentiate numerator: L [e” — 1] = e*

Differentiate denominator: & [2z(e” + 1)] = 2[(1)(e” + 1) + z(e®)] = 2(e® + 1 +
ze®)

So,

eI
L=DM
s 2(e® + 1 + ze®)

Step 4: Evaluate the Limit
Substitute z = 0:

e 1 1

L= e — = —
20" +14+0) 2(1+1) 4

Final Answer:

1
1
11. lim, (1L — cot? :1:)
Answer:
Step 1: Rewrite in Terms of Sine and Cosine
2 cos? x
cot"z = ——
sin® z

So,

250 - 3

) 1 cos’z ~ sin’z — 22 cos?z
L=1lm|—— - = Bm -
x sin” z z—0 z?sin”z
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Step 2: Check Indeterminate Form
Substitute £ = 0: Numerator: 0 — 0 = 0, Denominator: 0 - 0 = 0.
g. Apply L'Hospital's Rule would be very messy. Use series expansion or algebraic

manipulation.

Step 3: Use Algebraic Identity and Series Expansion

2

Note: sin® z — z% cos®’z = (sinz — z cosz)(sinz + z cos z)

But a better approach is to use:

1 cos’z sin’z —z?cos’z  (sinz — zcosz)(sinz + z cos z)
z2  sin’z z2sin’ z z2sin’ z
Now, use series:
i = 1-Z
sinz=2——+.. cosz=1-——+...
6 ’ 2
Then,
. ( :1:3) a mz) | 23 : 23 | 23 )
sinz —zcosz=(z—-——)—-z(l1-=—)+..=2—— -2+ —+..= — +.
6 2 6 2 3
3 2 3 3 3
T T T x 2z
sinz +2cosz=(z—-—-—)+21-—)+...=2——+2— —+..=22 — — +...
( 6) ( 2) 6 2
2° 2z*
So, numerator &~ % - 2x = 5
Denominator: 22 - 22 = 24
Thus,

2z*

L =1lim 2 = g
r—0 4 3

Final Answer:

wl N

; 2\ /2
- o2 22 3x
12. lim, (‘*‘—;‘L‘)

Answer:
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Step 1: Recognize 1°° Indeterminate Form. Take Logarithm.

g (’.r+()2.r+()3.r 1/'1:
Let L = lim,_, (T)

Then,

B g 20§ 3T 2 |, 2% 4 3\ _
lanlimlln(e re” +te ):ﬁmln(e + e +¢€%%) —In3
=0 T 3 230 2

Step 2: Check Indeterminate Form (%)
Apply L'Hospital's Rule:
bl = Bim d%[ln(e’ g ez 4 eSz)] ik e® + 2¢2T 3 3'631-
20 1 20 et | e2t | e3¢
Step 3: Evaluate the Limit
Substitute z = 0:

n L 1+2+3 6 9
n = = - =
1+14+1 3
So, L = e
Final Answer:
e2
13. lim, (“‘%) Ha®
Answer:
Step 1: Recognize 1> Form. Take Logarithm.

: tan z 1fa
Let L = llmr_,() ( )

x

L — lim L In tanz _ lim In(tanz) — Inz
z—0 2 @ z—0 x?

Step 2: Check Indeterminate Form (%)
Apply L'Hospital's Rule:

2,
l_sec?z — 1 sec’z 1 11
In L = lim 3tz T _ |jm Ane T _ iy Snzcosz oz
z—0 2z z—0 2z z—0 2z

r—Ssin x cos T
— ljm -Esinzcosz _ iy
-0 2z 2—0 222 sinx cos x

r —sinzxcosz
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Step 3: Simplify and Use Series Expansion

Note: sin  cos * = % sin 2x

But use series:

si ca i cos 1 z* .
inz=z—-—+... r=1—-—+...
6 ’ 2
So,
' ( m3)(1 mz) ) g g } 98 *
sinzcosz = (¢ — — e [ ol s i v et et e = —
6 2 . 6 3
Then,
. 2z° 22"
z—sinzcosz=z—(r— —) = —
3 3
Denominator: 222 - z - 1 = 22°
Thus,
2 4
InL =lim-3 ==
z—0 23 :
So,Lzel/3

Final Answer:

1/3

14 lilllJ.__)()(COS -.L.)c()t x

Answer:
Step 1: Recognize 1°° Form. Take Logarithm.

Let L = lim,0(cos z)®**

. . COST
In L = lim cot z - In(cos ) = lim —
z—0 z—0 SIn T

-In(cos z)
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Step 2: Rewrite and Check Indeterminate Form

oL — lim In(cos z)
z—0 tanx

Substitute z = 0: Numerator: In(1) = 0, Denominator: tan 0 = 0. % Apply L'Hospital's

Rule.

Step 3: Apply L'Hospital's Rule

1 ( :
— - (—sinz) . —tanz . .
In L = lim &£ 5 = lim = lim — tan z cos’ z = lim — sin z cos
z—0 sec? z z—0 sec?x z—0 -0
= 0 .1 =

So,L=¢e"=1
Final Answer:

15. lim, o0 (al/"' = 1)""

Answer:
Step1:Lett = 1/x,s0t — 07

L = lim (a* — 1)/

t—0

Step 2: Recognize 0" Form. Take Logarithm.

InL = lim lln(a‘ - 1)
t—0' ¢t

Step 3: Check Indeterminate Form (00 - —00), Rewrite

t
InL = lim M
t—0 t
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—00

Substitute t = 0: Numerator: In(0) — — o0, Denominator: 0. This is not g but —=. Use

substitution.

Step4:Lletu = a' — 1,thenast — 0,u — 0,and t = lu(ﬁ:l)
Then,

. Inu ) Inu

Il =1n s = R D)
Now, In(u + 1) ~ wasu — 0, so:
nu
InL=Ina-lim — =Ina-(-00) = -0
u—0 U

Tl =e%=10
Final Answer:

(0]
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