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Term Work Assignment- 2 Solution

Subject Name & Code:
Mathematics- I - BEOIR00041

TWA-2: Tavlor and Maclaurin series

(Disclaimer: The purpose of these Al-generated responses is just education and reference. Utilise them to grasp topics and structure, but
always rewrite in your own words and double-check the content before submitting. Academic misuse is not the creator's fault.)

Part 1: Elementary Series

1. Maclaurin Series Expansion: Obtain the Maclaurin series for the following
functions by finding the general form for the derivatives:

The Maclaurin series for a function f(x) is given by:

f(fl?) :f(o) f f,(O).’L' } L(!O):cz | @m:; e :Zx f("'l(())mn

n=0 n!

. f(x) = sin(x)

Answer:

e f(0) =sin(0) =0

f'(z) = cos(z) = f'(0) =1
f'(z) = —sin(z) = f"(0) =0
f"(z) = — cos(z) = f"(0) = -1
f@(z) =sin(z) = f@0) =0

F®)(2) = cos(z) = f®)(0) =1
The pattern of derivatives atz = 01is:0,1,0, -1,0,1,0, —1,..

Only the odd-powered terms are non-zero. The general form is:

3 5 T E n
. B 2 @ 2 _ oo (=1)" op+1
sinfz) =-S5 +H5—-F+ =20 @nti) T

* f(%) = cos(x)

Answer:

e f(0) =cos(0) =1
e f'(z) = —sin(z) = f'(0) =0
+ £(@) =  cos(z) = £(0) = -1
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« £"(x) = sin(z) = £"(0) = 0
. 9 (@) = cos(x) = F(0) = 1

The pattern of derivativesatx = 0is: 1,0, -1,0,1,0, —1,...

Only the even- powered terms are non-zero. The general form is:
24 26 - o (-1)"
cos(z) =1-5+F -G+ =2nlo (211)'“’

« f(x) =eXlog(1 +x)

Answer:
This requires finding a pattern for the nth derivative or using the series multiplication of

known series.

e Known Maclaurin series:

o e® =Y G =1+z+ 2v+3' + 4'4
(_1)ml 3 4

010g(1%:z:) Zml m m1n:m_%_*_%_%+,“

(%]

The product f(z) = e” - log(1 -+ z) is given by the Cauchy product of these two series:

n _1ym+1
f(.’l?) (Zn 0 le) : (E:—l : 1131 xm)

k

To find the coefficient a; for ¥, we sum over all pairs n, m such that n + m = k and

m > 1:

R T e
Ok = Z"l—l (k—m)! m

The first few terms are:

fl@) = (W(@) + W(-%) + W)(5) + (@)(2) + @) (%) + (§)@) +---

Let's care’rully combine terms up to il!A

o zlcoeff1-1=1

o :Bzcoefle-(—%)+1-1=—%+1=%

° :z:3coeff:1-(%)+1-(~%)+%-1=%—%—F%z%

e tcoeffl-(—3)+1-(3)+5-(—3)+5-1=—-3+3—3+3%
Find a common denominator (12): = I—g ~+ % — 1‘3—2 -+ % =1

Thus, the Maclaurin series is:
e*log(l+z)=x+ 32+ 323+ 0-2% +.

(The next non-zero term would be found by continuing this process for higher powers)
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2. Using Known Series:

e Obtain the Maclaurin series for log ( "‘) by using the series for log(1 + z) and log(1 — ).

Answer:
Known series:

$2 13 24 2135
o log(l+z)=2-5+5—-5T+F —+
2 3 ) - E 3
e log(l—2) = —a:)—(_;) +(“;) ~(4) +---:_g;_72g13'_;~£ﬁ...

Subtract the second series from the first:

log(1+a:)—log(1—m)=(m—%+§—%+“-)—

Therefore, the series is:
2ni1

" 3 5
log(lx)—z( ‘F%'F%WL%JV )_227102n+1

o Obtain the Maclaurin series for cos(z?).

Answer:

This is a simple substitution. We know:

COS(U):I—Z—?—{—%-%*-...

Now substitute u = z2:

22)2 22)* 22)6
COS($2) — 1 . (2') _{ (4') (61) _I_ A%
8 12

i
COS($2) =1- % + % o = Zn_O (211

Part 2: Taylor Series and Approximation

The Taylor series for a function f(z) about a point z = a is:

f(z) = f(a) + f'(a)(z — o) + LA (z - a)? + LA (z - a)* +
1. Taylor Expansion:

¢ Expand the function f(z) = tan(z) in powers of (z ~ 7). Show at least four non-zero terms.

Answer:
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We need to find derivatives of tan(z) and evaluate them at a = 7 /4.

f(z) = tan(z) = f(r/4) = 1

o f'(z) =sec*(z) = f'(n/4) = (vV2)* =2

o f"(z) = 2sec’*(z)tan(z) = f'(n/4) =2-2-1=14

o f"(x) = 2[sec?(z)sec?(z) + tan(z) - 2sec?(z) tan(z)] (Using Product Rule on
()
= 2sec’(z) + 4sec’(z) tan®(z)
Evaluate at /4: = 2(v/2)* + 4(v/2)?(1)?=2-4+4-2-1=8+8=16

Now, let h = (z — 7/4). The Taylor series is:

tan(z) = f(n/4) + f'(w/4)h + P (7r/4 h2 4 £2@/4) (7r/4) B3 4
tan(z) = 1+ 2h + 3h* + 2h° +

tona) =14+ 2(c — $) + 2z — 1+ §e — 4

o Expand sin(§ + 2) in powers of 2.

Answer:
This is a Maclaurin series for f(u) = sin(u) where u = T + z, but expanded around & =

0 (i.e, u = m/4). We find derivatives of f(x) = sin(mw/4 + x) with respect to z and
evaluate them at z = 0.

¢ f(z) = sin(% + o) = £(0) = sin(5) =

o f'(z) =cos(§ +z) = f(0) =cos(]) = \/li

e f'(z)=— sin(% +z) = f"(0) = — sin(%) - _%

o f"(z) =—cos( +2)= f"(0) = —cos(3) = —%
+ f9(2) = sin(% +2) = F9(0) =sin(3) = 4
The pattern of derivatives at z = 0 is: \/5, %, _\/LE’ —%, \/iﬁ, %w .

The Maclaurin series is:

" (4)
£(z) = £(0) + F(0)z + L Qg2 | 1043 | 90 4
Sin(%%—m):%+\/_ F(l/‘/_)2k(l/‘/_)3+(1/‘/—)

sin(§+x):\/i§(1+a:—ﬁ—”——kﬁ—4+---)

¥ wwa

This matches the result obtained using the trigonometric identity.
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2. Approximation with Taylor’s Theorem:

¢ Use the Taylor expansion of sin(§ + z) to find the approximate value of sin(44°).

Answer:
First, convert the angle to radians because our series uses radians.

44° = 45° — 1° = § — 355 radians.
Therefore, = — g5 ~ —0.0174533.

We will use the series we just derived up to the 22 term:
sin(§+:z:)z_\1[§ (1+:z:— %’)

Now substitute x = ;%-

sin(44°) ~ \/_ (1 - 180) (_12%)2)

— B (1 T Tf_z)
=~ 2 180 2180
Using ™ ~ 3.141593:

o = ~ 0.0174533

180
2
22 9.869604
* 333106 — easo0 ~ 0-0001523

Now calculate the value inside the parentheses:

1-0.0174533 — 0.0001523 = 0.9823944

Finally, multiply by 1/4/2 =~ 0.70710678:
sin(44°) ~ 0.70710678 x 0.9823944 ~ 0.694658
(The actual value is approximately sin(44°) ~ 0.694658, confirming the accuracy).

o Use Taylor's Theorem to find the approximate value of /25.15.

Answer:
We use the Taylor series for f(z) = y/ around a perfect square, a = 25.

Let f(z) = z1/2.
« f(25)=5
« f'(z) =327 = f'(25) = 55 = 0.1
o f'(z)= 12732 = f"(25) = — 4 = —0.002
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The Taylor series is:

f(z) = £(25) + £(25)(z — 25) + L2 (2 — 25)?
VZ ~5+0.1(z — 25) + =4%2(z — 25)

VZ =5+ 0.1(z — 25) — 0.001(z — 25)2

Now, for z = 25.15, z — 25 = 0.15:

v25.15 ~ 5 + 0.1(0.15) — 0.001(0.15)?

=5+ 0.015 — 0.001(0.0225)

= 5.015 — 0.0000225

V25.15 ~ 5.0149775

(The actual value is approximately 5.014975, which is very close).

e Given log;, 73 = 1.8633 and log;, e = 0.4343, use Taylor’s Theorem to find the approximate value of
log,, 73.55.

Answer:

We use the Taylor series for f(z) = log,, « around a = 73.
Note: The derivative of log;,  is % log,, e.

. f(73) = 1.8633
log,, e _0.4343
o fi(z) = Bl o f/(73) = U388 ~ 0.0059493

The first-order Taylor approximation is:

fz) ~ f(73) + f(73)(z — 73)
log,, « ~ 1.8633 + 0.0059493(z — 73)

Forz =73.59, 2 — 73 = 0.55:

log,, 73.55 ~ 1.8633 + 0.0059493(0.55)
= 1.8633 + 0.0032721

log,, 73.55 ~ 1.8665721

o Find the approximate value of tan™(1.003) using Taylor's Theovem, Use 7 = 3.141593,

Answer:
We use the Taylor series for f(z) = tan~!(z) around a = 1, as it is a nice point where we

know f(1) = 7 /4.
Let f(z) = tan"!(z).
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e f(1) =m/4 ~ 0.78539825
s flle)===f(1)=35=05
° f”((l!) (1+_L.2 )2 = f”( ) . *% = —0.5

e f"(z) = y ( (1_2“” 7y ) Using the quotient rule, this evaluates to a manageable

number, but let's use a first-order approximation for a very small change (z — 1 =

0.003).

First-order approximation:

fle)~ f(1) + f(1)(z - 1)
tan!(z) ~ § + 0.5(z — 1)

Forz = 1.003,z — 1 = 0.003:
tan~1(1.003) ~ 0.78539825 + 0.5(0.003)
= 0.78539825 - 0.0015

tan~1(1.003) ~ 0.78689825

Part 3: Advanced Problems and Applications

1. Polynomial Expansion: Arrange the polynomial f(z) = 2* - 32% 4 4z + 3 in powers of (z - 2).

Answer:
This is finding the Taylor series of the polynomial about @ = 2. We find derivatives.

¢ flx)=2"-32*+42+3=> f(2) =8-124+8+3=7
e fllz)=322-6z+4= f'(2)=12-12+4=14

e fl(zx)=6z—-6=f"(2)=12-6=6

. f(@)=6= f"(2) =6

 All higher derivatives are 0.

The Taylor series is:

(@) = £ + £(2)(= - 2) + 52z - 2 + L2 (= - 2)°
f@)=7+4(z-2)+ 5(z - 2)* + §(z - 2)°
flz)=7+4(x—2)+3(z -2+ 1(z - 2)3

Thus, the polynomial in powers of (z — 2) is:

flz)=(z—-23+3@—-2)>+4(x—-2)+7
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2. Series for Integrals: Obtain the Maclaurin series of [ *2* g

Answer:

sin x . .
—~dz, is a very important

function in mathematics and engineering, known as the Sine Integral, denoted by Si(z). Its

value at 2 = 0 is defined by the limit to be 0, i.e., Si(0) = 0.
Step 1: Find the Maclaurin Series for the Integrand S"’TJ"

We start with the known Maclaurin series for Sin x:

: _\oo (D" on4l z!
sinz =3} ", @n+1)i L =z - +3 5' —T e

Now, we divide this entire series by z (for  # 0):

sinz __ 1 m_l_1_+_-’17_5_-”_7+
x oz 3! 5! 7!

Rt B2 B3 228

This can be written in summation form as:
sinz __ oo (=1)"
r Zn 0 (2n+1)'m

Step 2: Integrate the Series Term-by-Term

A key property of power series is that they can be integrated term-by-term within their

sin x

radius of convergence. The series for == converges for all z.

Integrating the series representation:

in z 1)"
[ Hrde = | (foo (én+)1)'m )da:

Because the series converges uniformly on any closed interval, we can interchange the sum

and the integral:
sin z _ \\®© (-1)" _.2n
f Td - Zn Of 2"+1)!:B dx
s oo 2n
- En 0 2n+1 f(l) dz

)" 2n 1

= Zn 0 (2n+1)' 2n+1 +C
_ 2n+1
Zn 0 2n+1 2n+1)' = +C

Step 3: Determine the Constant of Integration C'

The Sine Integral is defined such that Si(0) = 0. Let's evaluate our series at = 0:

SI(O) . En_.() m(0)2"+1 -}- C O -+ C

Therefore, to satisfy Si(0) = 0, we must have C' = 0.
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Step 4: Final Maclaurin Series

The Maclaurin series for the Sine Integral, Si(z) = [, *2!dt, is:

sinz , ... o (=1 2n+1
/ z d“’_SI(“’)‘g(zn T 1)@2n+ 1)

Writing out the first few terms explicitly:

3 5 7
= — I I . x Je
Si(z) = = 33 tss 7wt

= — 35+ 5-?20 — zeoag T
$3 1175 (177 .’179
S. m— — — S - -— % 0"
(@) =2~ 15 ¥ 500 35280 " 3265920

LR R R S R R



