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Assignment – 1 

Topic: Improper integrals 

Question 1: Define Improper integral of First kind and evaluate ∫
ஶ

଴

ௗ௫

௫మାଵ

 

Solution: 

Step 1: Write the improper integral as a limit. 

න
ஶ

଴

𝑑𝑥

𝑥ଶ + 1
= lim 

௕→ஶ
න

௕

଴

𝑑𝑥

𝑥ଶ + 1
 

 

Step 2: Find the antiderivative. 

We know that ∫
ௗ௫

௫మାଵ
= tan ିଵ(𝑥) + 𝐶. 

Step 3: Evaluate the definite integral from 0 to 𝑏. 

න
௕

଴

𝑑𝑥

𝑥ଶ + 1
= [tan ିଵ(𝑥)]଴

௕ = tan ିଵ(𝑏) − tan ିଵ(0) = tan ିଵ(𝑏) − 0

= tan ିଵ(𝑏) 
 

Step 4: Take the limit as 𝑏 → ∞. 

lim 
௕→ஶ

tan ିଵ(𝑏) =
𝜋

2
 

 

Final Answer: 

𝜋

2
 

 

Question 2, Part (1): Evaluate ∫
ஶ

ିஶ

ଵ

ଵା௫మ
𝑑𝑥

 

Solution: 

Step 1: Split the integral at zero (or any point) since it's an even function. 
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න
ஶ

ିஶ

1

1 + 𝑥ଶ
𝑑𝑥 = න

଴

ିஶ

1

1 + 𝑥ଶ
𝑑𝑥 + න

ஶ

଴

1

1 + 𝑥ଶ
𝑑𝑥 

 

Step 2: Use the limit definition for the first integral. 

න
଴

ିஶ

1

1 + 𝑥ଶ
𝑑𝑥 = lim 

௔→ିஶ
න

଴

௔

1

1 + 𝑥ଶ
𝑑𝑥 

 

Step 3: Find the antiderivative. 

∫
1

1 + 𝑥ଶ
𝑑𝑥 = tan ିଵ(𝑥) 

 

Step 4: Evaluate the first definite integral. 

lim 
௔→ିஶ

[tan ିଵ(𝑥)]௔
଴ = lim 

௔→ିஶ
(tan ିଵ(0) − tan ିଵ(𝑎)) = 0 − (−

𝜋

2
) =

𝜋

2
 

 

Step 5: We already calculated the second integral in Question 1. 

න
ஶ

଴

1

1 + 𝑥ଶ
𝑑𝑥 =

𝜋

2
 

 

Step 6: Add the results. 

𝜋

2
+

𝜋

2
= 𝜋 

 

Final Answer for Part (1): 

𝜋  
 

 

Question 2, Part (2): Evaluate ∫
ஶ

ିஶ

ଵ

௘ೣା௘షೣ
𝑑𝑥 

Solution: 

Step 1: Simplify the integrand. 

1

𝑒௫ + 𝑒ି௫
=

1

𝑒ଶ௫ + 1
𝑒௫

=
𝑒௫

1 + 𝑒ଶ௫
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Step 2: Write the integral as a limit. 

න
ஶ

ିஶ

𝑒௫

1 + 𝑒ଶ௫
𝑑𝑥 = lim 

௔→ିஶ
lim 
௕→ஶ

න
௕

௔

𝑒௫

1 + (𝑒௫)ଶ
𝑑𝑥 

 

Step 3: Use substitution. Let 𝑢 = 𝑒௫, then 𝑑𝑢 = 𝑒௫𝑑𝑥. 
When 𝑥 = 𝑎, 𝑢 = 𝑒௔. When 𝑥 = 𝑏, 𝑢 = 𝑒௕. 

Step 4: Change the limits and integrate. 

∫
𝑒௫

1 + (𝑒௫)ଶ
𝑑𝑥 = ∫

1

1 + 𝑢ଶ
𝑑𝑢 = tan ିଵ(𝑢) + 𝐶 = tan ିଵ(𝑒௫) + 𝐶 

 

Step 5: Evaluate the definite integral. 

න
௕

௔

𝑒௫

1 + 𝑒ଶ௫
𝑑𝑥 = [tan ିଵ(𝑒௫)]௔

௕ = tan ିଵ(𝑒௕) − tan ିଵ(𝑒௔) 

 

Step 6: Take the limits. 

lim 
௕→ஶ

tan ିଵ(𝑒௕) = tan ିଵ(∞) =
𝜋

2
 

lim 
௔→ିஶ

tan ିଵ(𝑒௔) = tan ିଵ(0) = 0 

 

Step 7: Combine the results. 

𝜋

2
− 0 =

𝜋

2
 

 

Final Answer for Part (2): 

𝜋

2
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Question 2, Part (3): Evaluate ∫
ஶ

଴

ௗ௫

(ଵା௫మ)(ଵା୲ୟ୬ షభ ௫)

 

Solution: 

Step 1: Use substitution. Let 𝑢 = tan ିଵ(𝑥), then 𝑑𝑢 =
ଵ

ଵା௫మ
𝑑𝑥. 

When 𝑥 = 0, 𝑢 = tan ିଵ(0) = 0. 

When 𝑥 → ∞, 𝑢 →
గ

ଶ
. 

Step 2: Substitute into the integral. 

න
ஶ

଴

1

(1 + 𝑥ଶ)(1 + tan ିଵ 𝑥)
𝑑𝑥 = න

గ/ଶ

଴

1

1 + 𝑢
𝑑𝑢 

 

Step 3: Integrate with respect to 𝑢. 

∫
1

1 + 𝑢
𝑑𝑢 = ln ∣ 1 + 𝑢 ∣ +𝐶 

 

Step 4: Evaluate the definite integral. 

[ln ∣ 1 + 𝑢 ∣]଴
గ/ଶ

= ln (1 +
𝜋

2
) − ln (1 + 0) = ln (1 +

𝜋

2
) − 0 

 

Final Answer for Part (3): 

ln(1 +
𝜋

2
)  

 

 

Question 3: Define Improper integral of Second kind and evaluate ∫
ଷ

଴

ଵ

√ଷି௫
𝑑𝑥

 

Solution: 

Step 1: Identify the point of discontinuity. The integrand 
ଵ

√ଷି௫
 is undefined at 𝑥 = 3. 

Step 2: Write the integral as a limit. 

න
ଷ

଴

1

√3 − 𝑥
𝑑𝑥 = lim 

௕→ଷష
න

௕

଴

1

√3 − 𝑥
𝑑𝑥 

 



 

 
 

5 DESISTUDENTS.ME 

November 28, 2025 

Step 3: Use substitution. Let 𝑢 = 3 − 𝑥, then 𝑑𝑢 = −𝑑𝑥. 
When 𝑥 = 0, 𝑢 = 3. When 𝑥 = 𝑏, 𝑢 = 3 − 𝑏. 

Step 4: Rewrite and integrate. 

න
௕

଴

(3 − 𝑥)ିଵ/ଶ𝑑𝑥 = − න
ଷି௕

ଷ

𝑢ିଵ/ଶ𝑑𝑢 = න
ଷ

ଷି௕

𝑢ିଵ/ଶ𝑑𝑢 

∫ 𝑢ିଵ/ଶ𝑑𝑢 = 2𝑢ଵ/ଶ + 𝐶 = 2√𝑢 + 𝐶 
 

Step 5: Evaluate the definite integral. 

[2√𝑢]ଷି௕
ଷ = 2√3 − 2√3 − 𝑏 

 

Step 6: Take the limit as 𝑏 → 3ି. 

lim 
௕→ଷష

(2√3 − 2√3 − 𝑏) = 2√3 − 2√0 = 2√3 

 

Final Answer: 

2√3  
 

 

Question 4: Check the convergence of ∫
ଷ

଴

ௗ௫

√ଽି௫మ

 

Solution: 

Step 1: Identify the point of discontinuity. The integrand 
ଵ

√ଽି௫మ
 is undefined at 𝑥 = 3. 

Step 2: Write the integral as a limit. 

න
ଷ

଴

𝑑𝑥

√9 − 𝑥ଶ
= lim 

௕→ଷష
න

௕

଴

𝑑𝑥

√9 − 𝑥ଶ
 

 

Step 3: Find the antiderivative. 

∫
𝑑𝑥

√9 − 𝑥ଶ
= sin ିଵ(

𝑥

3
) + 𝐶 

 

Step 4: Evaluate the definite integral from 0 to 𝑏. 
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න
௕

଴

𝑑𝑥

√9 − 𝑥ଶ
= [sin ିଵ(

𝑥

3
)]଴

௕ = sin ିଵ(
𝑏

3
) − sin ିଵ(0) = sin ିଵ(

𝑏

3
) 

 

Step 5: Take the limit as 𝑏 → 3ି. 

lim 
௕→ଷష

sin ିଵ(
𝑏

3
) = sin ିଵ(1) =

𝜋

2
 

 

Step 6: Since the limit exists and is finite, the integral converges. 

Final Answer: 

Converges  

 
  


