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Assignment — 1

Topic: Improper integrals

Question 1: Define Improper integral of First kind and evaluate [ 000 x?il

Solution:
Step 1: Write the improper integral as a limit.

j‘w dx i b dx
. 2+l o), x2+1

Step 2: Find the antiderivative.

We know that [ - = tan ~1(x) + C.

x2+1

Step 3: Evaluate the definite integral from O to b.

fb Y ltan @))% = tan ~L(b) — tan ~1(0) = tan ~(b) — 0
i x2+1—[an x)]g = tan an ) = tan )

= tan ~1(b)
Step 4: Take the limit as b — oo.
I
lim tan ~(b) = >

b—-o

Final Answer:

NE

Question 2, Part (1): Evaluate |

[o9]
-  14x2

Solution:

Step 1: Split the integral at zero (or any point) since it's an even function.
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foo 1d—f0 1d+f°° L
e 14 x? x= e 1+x2x 0 1+x2x

Step 2: Use the limit definition for the first integral.

0 1 0 1
[, remte=iim | e

Step 3: Find the antiderivative.

J

522 dx = tan ~1(x)

Step 4: Evaluate the first definite integral.

T, T

lim [tan "1(x)]% = lim (tan ~(0) —tan "*(a)) = 0 — (— E) =—
a——oo

a——oo 2

Step 5: We already calculated the second integral in Question 1.

f°° 1 p m
o 1+x27 772

Step 6: Add the results.

n+n_
2 27"
Final Answer for Part (1):
Question 2, Part (2): Evaluate fjooo ex+1e‘x dx
Solution:
Step 1: Simplify the integrand.
1 _ 1 _ e*
eX+e X e +1 14e2
ex
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Step 2: Write the integral as a limit.

(] ex b ex
dx = lim lim ——dx
_[_oo 1+e?* am—cwb-o J 1+ (€%)?

Step 3: Use substitution. Let u = e*, then du = e*dx.
When x = a,u = e%*. When x = b, u = e?.

Step 4: Change the limits and integrate.

e* 1
J

— — -1 — -1r,x
1_|_(ex)2dx f1+u2du tan ~'(u) + C = tan "1(e*) + C

Step 5: Evaluate the definite integral.

b x
e
fa T dx = [tan ~*(e*)]2 = tan "(e?) — tan "1 (e%)

Step 6: Take the limits.

T
lim tan ~1(e?) = tan "1() = >
lim tan ~!(e%) =tan "1(0) =0
a——oo

Step 7: Combine the results.

Final Answer for Part (2):

NE
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. 0 dx
Question 2, Part (3): Evaluate [ RFSyeuve———

Solution:

Step 1: Use substitution. Let u = tan ~1(x), then du = dx.
When x = 0, u = tan "1(0) = 0.

T
Whenx—>00,u—>;.

1+x2

Step 2: Substitute into the integral.

” 1 (|
dx = d
j; (1+x?)(1+tan 1x) * fo T+u™

Step 3: Integrate with respect to u.

[ 1

1+u

du=In|14+ul+C

Step 4: Evaluate the definite integral.

T Vs
[In I1+u|]g/2=ln(1+§)—ln(1+0)=ln(1+E)—0

Final Answer for Part (3):

In(1 + =
a(1+2)

Question 3: Define Improper integral of Second kind and evaluate [ 03

Solution:

Step 1: Identify the point of discontinuity. The integrand ﬁ is undefined at x = 3.

Step 2: Write the integral as a limit.

3 1 b 1
J dx = lim dx
0 3—x b-37 J, 3—x
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Step 3: Use substitution. Let u = 3 — x, then du = —dx.
Whenx =0,u =3. Whenx =b,u=3—b.

Step 4: Rewrite and integrate.

b 3-b 3
f (3 —x)"Y2%dx = —f u~Y2du = f u~Y2du
0 3 3—-b

Ju2du=2u"?+C=2Ju+cC

Step 5: Evaluate the definite integral.

[2vul3_, =2vV3—-2V3-b

Step 6: Take the limitas b — 37

gi_r)r;_(Z\/s_’ —2v3—-b)=2/3-2/0=2v3

Final Answer:

2+/3

Question 4: Check the convergence of f03 o~

Solution:
Step 1: Identify the point of discontinuity. The integrand oz undefined at x = 3.

Step 2: Write the integral as a limit.
f3 dx . fb dx
o V9—x2 b3 )y 9 —x2

Step 3: Find the antiderivative.

dx X
———=sin"1(=)+C
| ===sin"Q)

Step 4: Evaluate the definite integral from O to b.
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fb dx« _ x_,  _.b __10___1b
. e = [sin (3)]0 = sin (3) sin 7+ (0) = sin (3)
Step S: Take the limitas b — 37.

lim sin =12 = sin ~1(1) = *
lim_sin (3)—sm ()—2

Step 6: Since the limit exists and is finite, the integral converges.

Final Answer:

Converges
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