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Assignment — 2

Topic: Beta & Gamma function,

(Disclaimer: The purpose of these Al-generated responses is just education and reference. Utilise them to grasp topics and structure, but
always rewrite in your own words and double-check the content before submitting. Academic misuse is not the creator's fault.)

Question 1, Part (i): Define Gamma function. Show that I'(n + 1) = nI'(n)

Solution:

Step 1: Write the definition of the Gamma function.

I'(n) = J e tt"1dt
0

Step 2: Write the expression for ['(n + 1).

In+1) = J e tt"dt

0

Step 3: Apply integration by parts. Let u = t™, dv = e~ tdt.
Then du = nt" dt, v = —e°.

Step 4: Perform the integration.

[ee]

F(n+1) =[-t"e Yy +f e ‘nt"dt
0
Step 5: Evaluate the boundary term.
Ast - oo, —t"e"t - 0.
Ast = 0, —t"e t > 0.
So, [-t"e"t]y = 0.
Step 6: Simplify the remaining integral.
(m+1) =0+ nJ e ‘t"1dt = nl['(n)
0

Final Proof:

[(n+1) =nl'(n)
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Question 1, Part (ii): Show that I'(n) = 2 fooo e~ x2n=1y
Solution:
Step 1: Start with the standard Gamma definition: I'(n) = fooo e tt"1dt.

Step 2: Make the substitution t = x2. Then dt = 2xdx, and t""1 = (x*)""1 =
xZTL—Z'

Step 3: Substitute into the Gamma integral.

0] 0]

I(n) = f e ™ . x2"2 . 2xdx = Zf e x2n" 1y
0

0

Final Proof:

0]

I'(n) = ZJ e x2n"1gx

0

Question 2, Part (i): Evaluate F(g)

Solution:
Step 1: Use the recurrence relation of the Gamma function: I'(n + 1) = nI'(n).

Step 2: Apply it repeatedly starting from I’ (%) =/r.

3 1 1 1
Q=3 T =ggVr=3Vr
Final Answer:
15
gﬂ'
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foe) 5
Question 2, Part (ii): Evaluate [ o :—x dx
Solution:

Step 1: Rewrite the integrand. Note that 5% = ¢!" (9%

(o] XS oo
f _xdx — f xSe—ln (5)xdx
0 5 0

Step 2: Recognize the form of the Gamma function: I'(n) = [ Ooo e tt"1dt.

t
Lett =In (5)x, so dt =In (5)dx, and x = ner

Step 3: Substitute into the integral.

® ® t dt 1 @
xSe™l Gxgy =f Set. = f tSe~tdt
fo o W me) T el

Step 4: Identify the Gamma function. Here, n — 1 = 5son = 6.

f tSe~tdt =T(6) = 5!
0

Step 5: Calculate the final result.

1 . 120
(n(5)¢ ~  (In 5)°

Final Answer:

120
(In 5)°

Question 2, Part (iii): Evaluate fol x*(log x)*dx

Solution:

(-D"'rm

mn

Step 1: Use the standard form: fol x™ (log x)" tdx =

Step 2: Identifym —1=4som =5,andn—1=4son =5.
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Step 3: Apply the formula.

1 —1)5-1 .
fo *(log xydx = ¢ 1)55 res) _ (+15)5 4!

Step 4: Calculate the numerical value.

4! = 24,55 = 3125
24

3125

Final Answer:

24
3125

Question 3: Define Beta function. Prove that f(m, n) =

2 [z sin®™"'@cos ** ' 6dO

Solution:

Step 1: Write the standard definition of the Beta function.

1

p(m,n) = f t™ (1 —t)" dt

0

Step 2: Make the trigonometric substitution t = sin % 8. Then dt =
2sin Ocos 6d6.

Also, t™ 1 = (sin?0)™ ! = sin ™29,

And (1—-t)" 1= (1 —-sin20)" 1 = (cos?6)* 1 =cos?"20.

Step 3: Substitute into the Beta integral.

1

p(m,n) = J t™ (1 - )" de

° /2
= f sin 2™=2 9 - cos "2 0 - 2sin Ocos 6d6
)

=0

Step 4: Simplify the exponents.
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/2

p(m,n) = ZJ. sin 2M—2+1 gcos 2n—2+1 949
0

/2
=2 J sin ™1 @cos 1 0do
0

Final Proof:

Vs
2
p(m,n) =2 f sin 2™~ fcos 2" 1 0dB

0

Question 4, Part (i): Evaluate f_ll (14 x)*(1 — x)3dx

Solution:

Step 1: Recognize the Beta function form. Let t = 12i Thenl+x=2t,1—x =

2(1 —1t), and dx = 2dt.
Whenx = —1,t =0. Whenx =1,t = 1.

Step 2: Substitute into the integral.

fl (1+x)4(1—x)3dx=f 2O)*-[2(1—0)]? - 2dt

0

Step 3: Simplify the constants.

1 1
=f 16t*-8(1 —t)3-2dt = 16-8-2J t*(1 —t)3dt
0 0

1
= 256f t*(1 —t)3dt
0

Step 4: Identify the Beta function parameterss m—1=4=>m=5,n—1=3=
n=4.

r(5)r)  4t-3!

rs+4) 8!

f t*(1 —t)3dt = B(5,4) =

Step 5: Calculate the factorials.
4! = 24,31 = 6,8! = 40320
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24-6 144 1
40320 40320 280

Step 6: Multiply by the constant factor.
256 32

1
256250 =280 ~ 35

Final Answer:

32
35

Question 4, Part (ii): Evaluate [> sin ® 6cos” 6d6

Solution:
Step 1: Write the integral in the standard Beta form from Question 3.

2m—1=6=>m=7/2 2n—-1=7=>n=4
2 ' 2

/2 1
J sin ® cos 7 0d6 =§ﬁ(
0

Wait, careful: The standard form is 2 fon/ > sin?m~1Qcos "1 9dg = B (m,n).

SO,Zm—1=6=>2m=7=>m=§.

2n—1=7=2n=8>=>n = 4.

Step 2: Apply the formula.

/2 1 7
f sin®f8cos’ 0d0 = =B(=,4)
. 272

Step 3: Express the Beta function in terms of Gamma.

_T(7/2)T(4) _T(7/2)-3!
CT(7/2+4)  T(15/2)

’ 4
ﬁ(f’ )

Step 4: Use the property I'(z + 1) = zI['(2) to simplify.
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I‘152—13 1197F72
(15/2) =555 T7/2)
So,
['(7/2) 1 16
['(15/2) 13222 13-11-9-7
2 2 22
Step 5: Put it all together.
1 7 _ ['(7/2)-6 1 6 16 B 48
2'8(2' b= (F(15/2) 2 13-11-9-7 13-11-9-7

Step 6: Calculate the denominator.
13-11 =143,143 -9 = 1287,1287 - 7 = 9009.

Final Answer:

48
9009
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