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Assignment — 3

Topic: Application of definite integral

(Disclaimer: The purpose of these Al-generated responses is just education and reference. Utilise them to grasp topics and structure, but
always rewrite in your own words and double-check the content before submitting. Academic misuse is not the creator's fault.)

Question 1: The solid lies between planes perpendicular to the x-axis at x =
—1 and x = 1. The cross-sections perpendicular to the x-axis between these planes

are squares whose diagonals run from the semicircle y = —vV1 — x?2 to the
semicircle . Find the volume.

Solution:

Step 1: Find the side length of the square.
The diagonal d runs from y = —v1 — x? to, so:

d=+y1—x?—-(—y1—x2)=2y1—x2

For a square, diagonal d = sv2, so side s = % =2 \1/;(2 =2 V1 —x2

Step 2: Write the area of the square cross-section.

AX) =52 = (V2 -1 —x2)% =2(1 —x?)
Step 3: Set up and evaluate the volume integral.

V= J_l A(x)dx = fl 2(1 — x?)dx

-1
3

X 1
=2[x—?]_1
=2[(1 ! 1+1
=2[(1~3) ~ (-1+3)]
_22_|_2_2 4_8
B [3 3]_ 3 3
Final Answer:
8
3
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Question 2: Find the volume of the solid generated by revolving the region
bounded by y = x?, y = 0, x = 2 about the x-axis by the disk method.

Solution:

Step 1: Identify the radius.
Radius 7(x) = y = x?
Step 2: Write the volume formula for disk method.

2 2

(x®)%dx = nf x*dx

0

V=T[Lb [r(x)]?dx =77.'f0

Step 3: Evaluate the integral.

Final Answer:

Question 3: Find the volume of the solid generated by revolving the regions
bounded by y = x? + 1, y = x + 3 about the x-axis by the washer method.

Solution:
Step 1: Find points of intersection.

x’+1=x+3
x2—x—-2=0
x=2)(x+1)=0
x=-1,x=2

Step 2: Identify outer radius R(x) and inner radius r(x).

Outer: R(x) = x + 3, Inner: 7(x) = x* + 1

Step 3: Washer volume formula.

2
V= f [(x +3)% = (x? + 1)*]dx
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Step 4: Expand and simplify the integrand.

(x+3)2=x*+6x+9
(x2+1)>=x*+2x*+1
(x+3)2—(x*+1)2=—-x*—x>+6x+8

Step 5: Integrate.

2
V=T[f (—x* —x? + 6x + 8)dx
-1

5 3

—7'[[—X——x—+3x2+8x]2
- 5 3 -1
Step 6: Evaluate at bounds.
Atx = 2:
32 8+12+16— 32 8+28
5 3 -5 3
Atx = —1:
1+1+3 8—1+1 5
5 3 5 3
Subtract:
32 8+28 1+1 5
( T3 ) (5 3 )
33
=—?—3+33
_ 33 _—33+150_117
5 - 5 -5
V_117T[
-5
Final Answer:
117w
5
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Question 4: Find the length of the curve y = %(ex +e¥);0<x<2

Solution:

Step 1: Compute the derivative.

! 1 X —-X
y' =5 (" —e™)

Step 2: Write the arc length formula.

2
L= f 1+ (y')?%dx
0

1
(y,)z — Z(82x -2 + e—ZX)

1+(@) =1 +le2x —l+le‘2x =le2x +l+le‘2x
4 2 4 4 2 4

= l(er +2+4+e )= l(ex + e™¥)?
4 4
Step 3: Simplify the integrand.

1 1
JI+0G)? = jz(ex te ) =c(e+e™) =y

Step 4: Integrate.
Z 1 B 1 32
sz —(e*+e MNdx ==[e*—e™*];
o 2 2

1 ) 1 _
=E[(82_e 2)—(1—1)]—2(82—6 2)

Final Answer:
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Question 5: Find the length of asteroid x%/3 + y?/3 = q?/3.

Solution:

Step 1: Use parametric form.
Letx = acos3t,y =asin3t,0 <t < 2m.

Step 2: Compute derivatives.

dx ” .
— = —3acos “tsin t
dt

d

& 3asin 2 tcos t
dt

Step 3: Arc length formula.

L—4fn/2 2+ Dyzar
A @+ G

/2
= 4[ \/9a2cos 4tsin 2 t + 9a?sin * tcos ? tdt
0

/2
4] \/9a2cos 2tsin 2t(cos 2t + sin 2 t)dt
0

/2
4[ 3a | cos tsin t | dt
0

Since 0 <t <m/2, cos tsin t = 0:

/2
= 12af cos tsin tdt
0

Step 4: Integrate.
Let u = sin t, du = cos tdt:

1 u? 1
12aJ udu = 12a[—]} = 12a-= = 6a
. 2 2

Final Answer:
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Question 6: Find the area of the surface of revolution of the solid generated by

2 2
revolving the ellipse :—6 + yz = 1 about the x-axis.

Solution:

Step 1: Solve for y.

1=16=2 4 2

2] x? V16 —x2 16 — x2
y: . —

Step 2: Compute derivative.

dy 1 —-X X
dx 2 16 — x2 2416 — x2

Step 3: Surface area formula.

4 dy
§=2 1+ (5>)%d
nf_4 y\[ +(dx) X

x? _ 416 —x*) +x* 64 —3x7
4(16 —x2) 416 —x2)  4(16 —x2)
- (d_y)z _ V64 — 3x2
dx” 216 — x2

dy
1+ ()2 =1
+(dx) +

Step 4: Substitute into integral.

dx

4 16 — x2 V64 — 3x2
S = an .
2 216 — x2

-4
4
T
=E_[ A/ 64 — 3x2%dx
-4

Step 5: Even function, so:

4
S=T[J v 64 — 3x2dx
0
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i 8 . _ 8
Step 6: Use substitution x = 7sin 6,dx = 7 ¢os 0deé.
Whenx = 0,0 = 0;whenx = 4,sin 0 =22 =L 59 =T

64
\/64—3x2=j64—3-?sin29=8 1—sin%28 = 8cos 0

m/3 8 64m (/3
S = nf 8cos 8 - —cos 9dO = cos 2 9do
0

NE V3 Jy

Step 7: Integrate.

.]‘7'5/3 2 pdf = J”/3 1+ cos 260 1+cos20 6 sin 260 /3
i cos = ) 2 [2 4 lo
_m,sin@m/3) _m v3/2_m 3
6 4 672 "6 8
64 1 32m?
S = (= £) =——487
56 33
Final Answer:
32m? +
T
3v3

Question 7: Find the surface area generated by revolving the loop of the
curve 9ay? = x(3a — x)? about the x-axis.

Solution:

Step 1: Find limits of loop.
Sety = 0: x(3a —x)? = 0= x = 0,3a. Loop is from x = 0 to x = 3a.

Step 2: Solve for y.

B Vx(3a — x)
= w7
Step 3: Compute derivative.
dy 1 1
— a—x)—vx
ix =375 5E e =0 VAl
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1 [3a—x \/_] 1 3a—-—x-—2x 1 3a—-3x a—x
[ | ——— x ol . = . =
3Wa 2vVx 3va 2\x 3WVa  24x 2\ ax

Step 4: Surface area formula.

3a dy
S=2 1 —)2d
T[fo y\/ +(dx) X

(a—x)?  4ax+a®—2ax +x?

_az+2ax+x2

1+ (d—y)2 =1+
dx 4ax dax
_(a+x)?
T dax

1+ dy ,_atx
(dx)  2Vax

Step 5: Substitute into integral.

3a Jx(Ba—x) a+x
S =2 \/_( )-

3a

=3 i (Ba —x)(a + x)dx

Step 6: Expand and integrate.

4ax

X
0 3va 2+/ax

(Ba —x)(a + x) = 3a* + 3ax — ax — x* = 3a* + 2ax — x*

3a
x
f (3a% + 2ax — x*)dx = [3a’x + ax? — ?]ga
0

=9a3 4+ 9a3® — 9a® = 943

s
S =—-9a3 = 3na?
3a

Final Answer:
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Question 8: Find the surface area of the solid generated by revolving the

asteroid x%/% 4+ y?/3 = a?/3 about x-axis.

Solution:
Step 1: Use parametric form: x = acos 3¢,y = asin 3t, 0 < t < m for upper half.

Step 2: Compute derivatives.
dx

d
— = —3acos ? tsin t,—y = 3asin ? tcos t
dt dt

Step 3: Surface area formula.

/2 dx dy
§=2-2 =232 4 (=2)2dt
nfo y [+ E

/2
= 47Tf asin 3¢ - \/9a2cos 4tsin 2t + 9a?sin * tcos ? tdt
0
/2
=4rrf asin3t - 3a | cos tsin t | dt
0

/2
= 121Ta2f sin % tcos tdt
0

Step 4: Integrate.
Let u = sin t, du = cos tdt:

1 u® 12ma?
127ta2J utdu = 12ma?[—]} =
. 5 5

Final Answer:

12ma?
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