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Assignment — 7

Topic: Infinite Sequence & Series Infinite series

Question 1: Prove that the P-series Y- nip is convergent if p > 1 and

divergentif p < 1.

Solution:

Step 1: Use the Integral Test. Consider f(x) = xip’ continuous, positive, decreasing
forx > 1.

Step 2: Evaluate [ 100 x"Pdx:

I
xPdx = | 17forp #1
1 1-p !

Ifp>1,1—p<0,s0x'"? > 0asx - oo, integral = ﬁ (finite) = converges.

Ifp<1,1—p>0,x"P - o0 asx > oo = diverges.

Step 3: Forp = 1:

f —dx = [In x]{° = co= diverges.
. X

Conclusion:

Converges for p > 1, diverges forp < 1

Question 2: Apply comparison test to find convergence of following series.

1
n2+30

(1) Z%O=1
Step 1: Compare with ), % (convergent p-series, p = 2):

1 <1
n2+30 n?

Since larger series converges, given series converges by Comparison Test.
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Converges

cos?n

(2) Z:;;l n3/2

Step1: 0 < cos?n <1,s0

cos?n 1
< <
n3/2 na3/z

1 . . .
» —7z converges (p-series, p = 1.5 > 1), so given series converges.
n

Converges

3n%-3n
n2(n—-1)(n2+5)

(3) Xn=1
Step 1: Simplify general term for large n:

3n? —3n 3n? 3

nz(n—l)(n2+5)zn2-n~n2_$

. 1 - .
Compare with }; = (convergent). Limit comparison:

. a, 3n5 — 3n*
lim =1i

. 4
oo 1/n?  noen?(n— 1)(n? + 5)

Since limit is finite and positive, both series converge.

Converges

() Xn=1

n3n
Step 1: Compare with ), 3% (convergent geometric, r = 1/3):

1 1
ﬁsg_nforn21
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So given series converges.

Converges

n

G Lr=n G"
Step 1: Use Root Test:

3n+1

n 1
lim %/a, = li ==<1
e Vo = A 3 173

So series converges.

Converges

©) 5z In(1+-)

Step 1: For large n, In (1 + 1/n?) ~ %
Compare with ¥11/n? (convergent). Limit comparison:
In(1+1/n%)
n 1/n? B

So both series converge.

Converges

Question 3: Examine convergence of following series by using Ratio Test.

(nH?

T T
Step 1: Ratio Test:

Gnyr _ (n+DH? 2% (n+1)?
a, = 20+D*  (mD2 220+
(n + 1)?

}li_r)IgoW=0<1
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So converges.

Converges

4" (n+1)!

@Iy Tam

Step 1: Ratio Test:

an+1 4n+1(n + 2)| nn+1 nn+1
= . =4-n+2) ——
a, (n+ 12 47(n+1)! (n+ 1)n+2
_4 n+2 n )n+1
B n+1 (n +1
n n+2
l- n+1 — —1’1- — 1
nl—rgo(n + 1) € nl—rgon +1

[

Solimit=4-1-e"! =-= 1.47 > 1 = diverges.

e
Diverges

n!

AT =

Step 1: Ratio Test:

Ans1 (n+1)! n" n+1 n n"
= —_——— Nt = —
a, @M+ nl  (n+1)n+! (n+ D"
n 1 1
= ( = -»—-=0367<1

n+1 1 e
(145

So converges.

Converges
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Question 4: Examine convergence of following series by using Cauchy Root Test.

2

(1) Xz ne™
Step 1: Root Test:

“a,="n-e™"

lim Yn=11im e ™ =

n—-oo n—-oo

So limit = 0 < 1 = converges.

Converges

@, A+

Step 1: Root Test:

1
”1/an=(1+g)n—>e>1

So diverges.

Diverges

n
(log n)™

Step 1: Root Test:

() Xn=2

n— _ n
@_logn

lim Yn =1,lim log n = oo
n—-oo

n—-oo

So limit = 0 < 1 = converges.

Converges

sk s sk sk sk ok sfe sk sk ok s skeoske sk skosk
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