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Assignment – 7 

Topic: Infinite Sequence & Series Infinite series 

 

Question 1: Prove that the P-series ∑ஶ
௡ୀଵ

ଵ

௡೛
 is convergent if 𝑝 > 1 and 

divergent if 𝑝 ≤ 1. 
 

Solution: 

Step 1: Use the Integral Test. Consider 𝑓(𝑥) =
ଵ

௫೛
, continuous, positive, decreasing 

for 𝑥 ≥ 1. 

Step 2: Evaluate ∫
ஶ

ଵ
𝑥ି௣𝑑𝑥: 

න
ஶ

ଵ

𝑥ି௣𝑑𝑥 = [
𝑥ଵି௣

1 − 𝑝
]ଵ

ஶfor 𝑝 ≠ 1 

 

If 𝑝 > 1, 1 − 𝑝 < 0, so 𝑥ଵି௣ → 0 as 𝑥 → ∞, integral = 
ଵ

௣ିଵ
 (finite) ⇒ converges. 

If 𝑝 < 1, 1 − 𝑝 > 0, 𝑥ଵି௣ → ∞ as 𝑥 → ∞ ⇒ diverges. 

Step 3: For 𝑝 = 1: 

න
ஶ

ଵ

1

𝑥
𝑑𝑥 = [ln 𝑥]ଵ

ஶ = ∞⇒ diverges. 

 

Conclusion: 

Converges for 𝑝 > 1, diverges for 𝑝 ≤ 1  

 

 

Question 2: Apply comparison test to find convergence of following series. 

 (1) ∑ஶ
௡ୀଵ

ଵ

௡మାଷ଴
 

Step 1: Compare with ∑
ଵ

௡మ
 (convergent p-series, 𝑝 = 2): 

1

𝑛ଶ + 30
<

1

𝑛ଶ
 

 

Since larger series converges, given series converges by Comparison Test. 
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Converges  

 

 

(2) ∑ஶ
௡ୀଵ

ୡ୭ୱ మ ௡

௡య/మ
 

Step 1: 0 ≤ cos ଶ 𝑛 ≤ 1, so 

0 ≤
cos ଶ 𝑛

𝑛ଷ/ଶ
≤

1

𝑛ଷ/ଶ
 

 

∑
ଵ

௡య/మ
 converges (p-series, 𝑝 = 1.5 > 1), so given series converges. 

Converges  

 

 

(3) ∑ஶ
௡ୀଵ

ଷ௡మିଷ௡

௡మ(௡ିଵ)(௡మାହ)
 

Step 1: Simplify general term for large 𝑛: 

3𝑛ଶ − 3𝑛

𝑛ଶ(𝑛 − 1)(𝑛ଶ + 5)
≈

3𝑛ଶ

𝑛ଶ ⋅ 𝑛 ⋅ 𝑛ଶ
=

3

𝑛ଷ
 

 

Compare with ∑
ଵ

௡య
 (convergent). Limit comparison: 

lim 
௡→ஶ

𝑎௡

1/𝑛ଷ
= lim 

௡→ஶ

3𝑛ହ − 3𝑛ସ

𝑛ଶ(𝑛 − 1)(𝑛ଶ + 5)
= 3 

 

Since limit is finite and positive, both series converge. 

Converges  

 

 

(4) ∑ஶ
௡ୀଵ

ଵ

௡ଷ೙
 

Step 1: Compare with ∑
ଵ

ଷ೙
 (convergent geometric, 𝑟 = 1/3): 

1

𝑛3௡
≤

1

3௡
for 𝑛 ≥ 1 
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So given series converges. 

Converges  

 

 

(5) ∑ஶ
௡ୀଵ (

௡

ଷ௡ାଵ
)௡ 

Step 1: Use Root Test: 

lim 
௡→ஶ

ඥ𝑎௡
೙ = lim 

௡→ஶ

𝑛

3𝑛 + 1
=

1

3
< 1 

 

So series converges. 

Converges  

 

 

(6) ∑ஶ
௡ୀଶ ln (1 +

ଵ

௡మ
) 

Step 1: For large 𝑛, ln (1 + 1/𝑛ଶ) ∼
ଵ

௡మ
. 

Compare with ∑1/𝑛ଶ (convergent). Limit comparison: 

lim 
௡→ஶ

ln (1 + 1/𝑛ଶ)

1/𝑛ଶ
= 1 

 

So both series converge. 

Converges  

 

 

Question 3: Examine convergence of following series by using Ratio Test. 
 

(1) ∑ஶ
௡ୀଵ

(௡!)మ

ଶ೙మ  

Step 1: Ratio Test: 

𝑎௡ାଵ

𝑎௡

=
((𝑛 + 1)!)ଶ

2(௡ାଵ)మ ⋅
2௡మ

(𝑛!)ଶ
=

(𝑛 + 1)ଶ

2ଶ௡ାଵ
 

lim 
௡→ஶ

(𝑛 + 1)ଶ

2ଶ௡ାଵ
= 0 < 1 
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So converges. 

Converges  

 

 

(2) ∑ஶ
௡ୀଵ

ସ೙(௡ାଵ)!

௡೙శభ
 

Step 1: Ratio Test: 

𝑎௡ାଵ

𝑎௡

=
4௡ାଵ(𝑛 + 2)!

(𝑛 + 1)௡ାଶ
⋅

𝑛௡ାଵ

4௡(𝑛 + 1)!
= 4 ⋅ (𝑛 + 2) ⋅

𝑛௡ାଵ

(𝑛 + 1)௡ାଶ
 

= 4 ⋅
𝑛 + 2

𝑛 + 1
⋅ (

𝑛

𝑛 + 1
)௡ାଵ 

lim 
௡→ஶ

(
𝑛

𝑛 + 1
)௡ାଵ = 𝑒ିଵ, lim 

௡→ஶ

𝑛 + 2

𝑛 + 1
= 1 

 

So limit = 4 ⋅ 1 ⋅ 𝑒ିଵ =
ସ

௘
≈ 1.47 > 1 ⇒ diverges. 

Diverges  

 

 

(3) ∑ஶ
௡ୀଵ

௡!

௡೙
 

Step 1: Ratio Test: 

𝑎௡ାଵ

𝑎௡

=
(𝑛 + 1)!

(𝑛 + 1)௡ାଵ
⋅

𝑛௡

𝑛!
=

𝑛 + 1

(𝑛 + 1)௡ାଵ
⋅ 𝑛௡ =

𝑛௡

(𝑛 + 1)௡
 

= (
𝑛

𝑛 + 1
)௡ =

1

(1 +
1
𝑛

)௡
→

1

𝑒
≈ 0.367 < 1 

 

So converges. 

Converges  
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Question 4: Examine convergence of following series by using Cauchy Root Test. 
 

(1) ∑ஶ
௡ୀଵ 𝑛𝑒ି௡మ

 

Step 1: Root Test: 

ඥ𝑎௡
೙ = √𝑛

೙
⋅ 𝑒ି௡ 

lim 
௡→ஶ

√𝑛
೙

= 1, lim 
௡→ஶ

𝑒ି௡ = 0 

 

So limit = 0 < 1 ⇒ converges. 

Converges  

 

 

(2) ∑ஶ
௡ୀଵ (1 +

ଵ

௡
)௡మ

 

Step 1: Root Test: 

ඥ𝑎௡
೙ = (1 +

1

𝑛
)௡ → 𝑒 > 1 

 

So diverges. 

Diverges  

 

(3) ∑ஶ
௡ୀଶ

௡

(୪୭୥ ௡)೙
 

Step 1: Root Test: 

ඥ𝑎௡
೙ =

√𝑛
೙

log 𝑛
 

lim 
௡→ஶ

√𝑛
೙

= 1, lim 
௡→ஶ

log 𝑛 = ∞ 

So limit = 0 < 1 ⇒ converges. 

Converges  

 

**************** 

 

 


