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Assignment – 9 

Topic: Partial Derivative 

(Disclaimer: The purpose of these AI-generated responses is just education and reference. Utilise them to grasp topics and structure, but 
always rewrite in your own words and double-check the content before submitting. Academic misuse is not the creator's fault.) 

 

Question 1: Find the domain and range and sketch the graph of domain of 
following function 

(1) 𝑓(𝑥, 𝑦) = ඥ𝑥ଶ − 𝑦 

(2) 𝑓(𝑥, 𝑦) =
௫మ

ඥ௫మା௬మିସ

 

Solution: 

(1) 𝑓(𝑥, 𝑦) = ඥ𝑥ଶ − 𝑦 

Step 1: Domain: 𝑥ଶ − 𝑦 ≥ 0 ⇒ 𝑦 ≤ 𝑥ଶ 

Step 2: Range: ඥ𝑥ଶ − 𝑦 ≥ 0 ⇒ [0, ∞) 

Domain: 𝑦 ≤ 𝑥ଶ, Range: [0, ∞)  

 

(2) 𝑓(𝑥, 𝑦) =
௫మ

ඥ௫మା௬మିସ
 

Step 1: Domain: 𝑥ଶ + 𝑦ଶ − 4 > 0 ⇒ outside circle 𝑥ଶ + 𝑦ଶ = 4 (not including 
boundary). 

Step 2: Range: 𝑥ଶ ≥ 0, denominator > 0, so 𝑓 ≥ 0. Can be arbitrarily large near 
boundary or as ∣ 𝑥 ∣ large ⇒ (0, ∞). 

Domain: 𝑥ଶ + 𝑦ଶ > 4, Range: (0, ∞)  

 

 

Question 2: Sketch the following surfaces by using level curves 
(1) 𝑧 = 𝑥ଶ + 𝑦ଶ 
(2) 𝑧ଶ = 𝑥ଶ + 𝑦ଶ 
(3) 𝑧 = 𝑥 + 𝑦

 

Solution: 

(1) 𝑧 = 𝑥ଶ + 𝑦ଶ 
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Level curves: 𝑥ଶ + 𝑦ଶ = 𝑐 (circles), 𝑐 ≥ 0. 
Paraboloid. 

(2) 𝑧ଶ = 𝑥ଶ + 𝑦ଶ 

Level curves: 𝑥ଶ + 𝑦ଶ = 𝑐ଶ (circles), 𝑧 = ±𝑐. 
Double cone. 

(3) 𝑧 = 𝑥 + 𝑦 

Level curves: 𝑥 + 𝑦 = 𝑐 (straight lines). 
Plane. 

(1) Paraboloid, (2) Double cone, (3) Plane  

 

 

Question 3: Evaluate following limits if exist. 

(1) lim (௫,௬)→(଴,଴)
ଶ௫మିଶ௫௬

௫ି௬మ
 

(2) lim (௫,௬)→(଴,଴)
௫మି௬మ

௫మା௬మ
 

(3) lim (௫,௬)→(଴,଴)
ସ௫௬మ

௫మା௬మ

 

Solution: 

(1) lim (௫,௬)→(଴,଴)
ଶ௫మିଶ௫௬

௫ି௬మ
 

Step 1: Approach along 𝑦 = 0: 
ଶ௫మ

௫
= 2𝑥 → 0. 

Approach along 𝑥 = 0: 0/(−𝑦ଶ) = 0. 

Approach along 𝑦 = 𝑥: 
ଶ௫మିଶ௫మ

௫ି௫మ
= 0/(𝑥 − 𝑥ଶ) → 0. 

Approach along 𝑥 = 𝑦ଶ: 
ଶ௬రିଶ௬య

௬మି௬మ
 undefined. 

But path 𝑥 = 𝑦ଶ + 𝑦ଷ: 
Numerator: 2(𝑦ଶ + 𝑦ଷ)ଶ − 2(𝑦ଶ + 𝑦ଷ)𝑦 = 2𝑦ସ + 4𝑦ହ + 2𝑦଺ − 2𝑦ଷ − 2𝑦ସ =

−2𝑦ଷ + 4𝑦ହ + 2𝑦଺ 
Denominator: 𝑦ଶ + 𝑦ଷ − 𝑦ଶ = 𝑦ଷ 
Ratio: (−2𝑦ଷ + ⋯ ௗ)/𝑦ଷ → −2. 
Different limits ⇒ limit does not exist. 

DNE  
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(2) lim (௫,௬)→(଴,଴)
௫మି௬మ

௫మା௬మ
 

Step 1: Approach along 𝑦 = 0: 𝑥ଶ/𝑥ଶ = 1. 
Approach along 𝑥 = 0: −𝑦ଶ/𝑦ଶ = −1. 
Different limits ⇒ DNE. 

DNE  
 

 

(3) lim (௫,௬)→(଴,଴)
ସ௫௬మ

௫మା௬మ
 

Step 1: Use polar: 𝑥 = 𝑟cos 𝜃, 𝑦 = 𝑟sin 𝜃: 
4𝑟cos 𝜃 ⋅ 𝑟ଶsin ଶ 𝜃

𝑟ଶ
= 4𝑟cos 𝜃sin ଶ 𝜃 

As 𝑟 → 0, limit = 0. 

0  
 

 

Question 4: Discuss the continuity of 𝑓(𝑥, 𝑦) =
௫௬

௫మା௬మ
 if (𝑥, 𝑦) ≠ (0,0), 𝑓(0,0) =

0. 
 

Solution: 

Step 1: Check limit at (0,0): 

Along 𝑦 = 𝑚𝑥: 𝑓 =
௠௫మ

(ଵା௠మ)௫మ
=

௠

ଵା௠మ
, depends on 𝑚 ⇒ limit DNE. 

So not continuous at (0,0). 

Not continuous at (0,0)  

 

 

Question 5: If 

𝑓(𝑥, 𝑦) =
2𝑥𝑦(𝑥ଶ + 𝑦ଶ)

𝑥ଶ + 𝑦ଶ
 if (𝑥, 𝑦) ≠ (0,0), 𝑓(0,0) = 0 

 

find (
பమ௙

ப௫ ப௬
)(଴,଴) and (

பమ௙

ப௬ ப௫
)(଴,଴)
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Solution: 

Step 1: Simplify: 𝑓(𝑥, 𝑦) = 2𝑥𝑦 for (𝑥, 𝑦) ≠ (0,0), and 0 at (0,0). 

Step 2: First partials at (0,0): 

𝑓௫(0,0) = lim ௛→଴

𝑓(ℎ, 0) − 𝑓(0,0)

ℎ
= 0 

𝑓௬(0,0) = lim ௞→଴

𝑓(0, 𝑘) − 0

𝑘
= 0 

Step 3: Mixed partials: 

𝑓௫௬(0,0) = lim ௞→଴

𝑓௫(0, 𝑘) − 𝑓௫(0,0)

𝑘
 

For (𝑥, 𝑦) ≠ (0,0), 𝑓௫ = 2𝑦, so 𝑓௫(0, 𝑘) = 2𝑘. 

So 𝑓௫௬(0,0) = lim ௞→଴
ଶ௞ି଴

௞
= 2. 

𝑓௬௫(0,0) = lim ௛→଴

𝑓௬(ℎ, 0) − 𝑓௬(0,0)

ℎ
 

For (𝑥, 𝑦) ≠ (0,0), 𝑓௬ = 2𝑥, so 𝑓௬(ℎ, 0) = 2ℎ. 

So 𝑓௬௫(0,0) = lim ௛→଴
ଶ௛ି଴

௛
= 2. 

2, 2  

 

 

Question 6: For following function show that 
பమ௨

ப௫మ
+

பమ௨

ப௬మ
= 0 

(1) 𝑢 = tan ିଵ(
௬

௫
) 

(2) 𝑢 = log ඥ𝑥ଶ + 𝑦ଶ

 

Solution: 

(1) 𝑢 = tan ିଵ(𝑦/𝑥) 

Step 1: Compute 𝑢௫ =
ଵ

ଵା(௬/௫)మ
⋅ (−

௬

௫మ
) = −

௬

௫మା௬మ
 

𝑢௬ =
1

1 + (𝑦/𝑥)ଶ
⋅

1

𝑥
=

𝑥

𝑥ଶ + 𝑦ଶ
 

Step 2: Second derivatives: 

𝑢௫௫ =
2𝑥𝑦

(𝑥ଶ + 𝑦ଶ)ଶ
 

𝑢௬௬ = −
2𝑥𝑦

(𝑥ଶ + 𝑦ଶ)ଶ
 

Sum = 0. 
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Shown  
 

(2) 𝑢 = log ඥ𝑥ଶ + 𝑦ଶ =
ଵ

ଶ
log (𝑥ଶ + 𝑦ଶ) 

Step 1: 𝑢௫ =
௫

௫మା௬మ
, 𝑢௬ =

௬

௫మା௬మ
 

Step 2: 𝑢௫௫ =
(௫మା௬మ)ି௫(ଶ௫)

(௫మା௬మ)మ
=

௬మି௫మ

(௫మା௬మ)మ
 

𝑢௬௬ =
𝑥ଶ − 𝑦ଶ

(𝑥ଶ + 𝑦ଶ)ଶ
 

Sum = 0. 

Shown  
 

 

Question 7: If 
௫మ

௔మା௩
+

௬మ

௕మା௩
+

௭మ

௖మା௩
= 1 where 𝑣 is function of 𝑥, 𝑦, 𝑧 then prove 

that 

(
∂𝑣

∂𝑥
)ଶ + (

∂𝑣

∂𝑦
)ଶ + (

∂𝑣

∂𝑧
)ଶ = 2(𝑥

∂𝑣

∂𝑥
+ 𝑦

∂𝑣

∂𝑦
+ 𝑧

∂𝑣

∂𝑧
) 

 

Solution: 

Step 1: Differentiate w.r.t 𝑥: 
2𝑥

𝑎ଶ + 𝑣
−

𝑥ଶ

(𝑎ଶ + 𝑣)ଶ
𝑣௫ −

𝑦ଶ

(𝑏ଶ + 𝑣)ଶ
𝑣௫ −

𝑧ଶ

(𝑐ଶ + 𝑣)ଶ
𝑣௫ = 0 

Factor 𝑣௫: 
2𝑥

𝑎ଶ + 𝑣
− 𝑣௫[

𝑥ଶ

(𝑎ଶ + 𝑣)ଶ
+

𝑦ଶ

(𝑏ଶ + 𝑣)ଶ
+

𝑧ଶ

(𝑐ଶ + 𝑣)ଶ
] = 0 

Let 𝐾 = ∑
௫మ

(௔మା௩)మ
, then 𝑣௫ =

ଶ௫

௔మା௩
⋅

ଵ

௄
. 

Similarly 𝑣௬ =
ଶ௬

௕మା௩
⋅

ଵ

௄
, 𝑣௭ =

ଶ௭

௖మା௩
⋅

ଵ

௄
. 

Step 2: Compute LHS: 

𝑣௫
ଶ + 𝑣௬

ଶ + 𝑣௭
ଶ =

ସ

௄మ
[

௫మ

(௔మା௩)మ
+

௬మ

(௕మା௩)మ
+

௭మ

(௖మା௩)మ
] =

ସ

௄మ
⋅ 𝐾 =

ସ

௄
. 

Step 3: Compute RHS: 

2(𝑥𝑣௫ + 𝑦𝑣௬ + 𝑧𝑣௭) = 2[
2𝑥ଶ

𝐾(𝑎ଶ + 𝑣)
+

2𝑦ଶ

𝐾(𝑏ଶ + 𝑣)
+

2𝑧ଶ

𝐾(𝑐ଶ + 𝑣)
] 

From original equation: ∑
௫మ

௔మା௩
= 1, so RHS = 

ସ

௄
⋅ 1 =

ସ

௄
. 
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LHS = RHS. 

Shown  
 

 

Question 8: If 𝑥 = 𝑟cos 𝜃 and 𝑦 = 𝑟sin 𝜃 prove that 

∂ଶ𝑟

∂𝑥ଶ
+

∂ଶ𝑟

∂𝑦ଶ
=

1

𝑟
[(

∂𝑟

∂𝑥
)ଶ + (

∂𝑟

∂𝑦
)ଶ] 

 

Solution: 

Step 1: 𝑟 = ඥ𝑥ଶ + 𝑦ଶ, so 𝑟௫ = 𝑥/𝑟, 𝑟௬ = 𝑦/𝑟. 

Step 2: 𝑟௫௫ =
௥ି௫(௫/௥)

௥మ
=

௥మି௫మ

௥య
=

௬మ

௥య
 

𝑟௬௬ =
𝑥ଶ

𝑟ଷ
 

So 𝑟௫௫ + 𝑟௬௬ =
௫మା௬మ

௥య
=

௥మ

௥య
=

ଵ

௥
. 

Step 3: RHS: 
ଵ

௥
[

௫మ

௥మ
+

௬మ

௥మ
] =

ଵ

௥
⋅

௥మ

௥మ
=

ଵ

௥
. 

LHS = RHS. 

Shown  
 

 

 

  


