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Assignment – 10 

Topic: Partial Derivative 

(Disclaimer: The purpose of these AI-generated responses is just education and reference. Utilise them to grasp topics and structure, but 
always rewrite in your own words and double-check the content before submitting. Academic misuse is not the creator's fault.) 

 

Question 1: Explain Chain Rule for composite functions. 
 

Solution: 

If 𝑧 = 𝑓(𝑥, 𝑦) and 𝑥 = 𝑔(𝑡), 𝑦 = ℎ(𝑡), then 
𝑑𝑧

𝑑𝑡
=

∂𝑧

∂𝑥

𝑑𝑥

𝑑𝑡
+

∂𝑧

∂𝑦

𝑑𝑦

𝑑𝑡
 

 

 

Question 2: Find 
ௗ௨

ௗ௧
 if 𝑢 = 𝑥ଶ + 𝑦ଶ + 𝑧ଶ, 𝑥 = 𝑒ଶ௧, 𝑦 = 𝑒ଶ௧cos 3𝑡, 𝑧 = 𝑒ଶ௧sin 3𝑡 

Solution: 

Step 1: Compute partials: 

∂𝑢

∂𝑥
= 2𝑥,

∂𝑢

∂𝑦
= 2𝑦,

∂𝑢

∂𝑧
= 2𝑧 

 

Step 2: Compute derivatives: 

𝑑𝑥

𝑑𝑡
= 2𝑒ଶ௧ ,

𝑑𝑦

𝑑𝑡
= 2𝑒ଶ௧cos 3𝑡 − 3𝑒ଶ௧sin 3𝑡,

𝑑𝑧

𝑑𝑡
= 2𝑒ଶ௧sin 3𝑡 + 3𝑒ଶ௧cos 3𝑡 

 

Step 3: Apply chain rule: 

𝑑𝑢

𝑑𝑡
= 2𝑥(2𝑒ଶ௧) + 2𝑦(2𝑒ଶ௧cos 3𝑡 − 3𝑒ଶ௧sin 3𝑡) + 2𝑧(2𝑒ଶ௧sin 3𝑡 + 3𝑒ଶ௧cos 3𝑡) 

 

Substitute 𝑥 = 𝑒ଶ௧ , 𝑦 = 𝑒ଶ௧cos 3𝑡, 𝑧 = 𝑒ଶ௧sin 3𝑡: 

= 4𝑒ସ௧ + 4𝑒ସ௧cos ଶ 3𝑡 − 6𝑒ସ௧cos 3𝑡sin 3𝑡 + 4𝑒ସ௧sin ଶ 3𝑡 + 6𝑒ସ௧sin 3𝑡cos 3𝑡 
 

Simplify: 4𝑒ସ௧ + 4𝑒ସ௧(cos ଶ 3𝑡 + sin ଶ 3𝑡) = 4𝑒ସ௧ + 4𝑒ସ௧ = 8𝑒ସ௧ 

8𝑒ସ௧  
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Question 3: The height of a right circular cone is 15cm and is increasing at 
0.4cm/s. The radius of the base is 10cm and is decreasing at 0.6cm/s. Find the rate 
of change of volume. 

 

Solution: 

Step 1: Volume 𝑉 =
ଵ

ଷ
𝜋𝑟ଶℎ 

Given: ℎ = 15, 𝑟 = 10, 
ௗ௛

ௗ௧
= 0.4, 

ௗ௥

ௗ௧
= −0.6 

Step 2: Differentiate: 

𝑑𝑉

𝑑𝑡
=

1

3
𝜋(2𝑟ℎ

𝑑𝑟

𝑑𝑡
+ 𝑟ଶ

𝑑ℎ

𝑑𝑡
) 

=
1

3
𝜋(2 ⋅ 10 ⋅ 15 ⋅ (−0.6) + 100 ⋅ 0.4) 

=
1

3
𝜋(−180 + 40) =

1

3
𝜋(−140) = −

140𝜋

3
 cmଷ/s 

−
140𝜋

3
 

 

 

Question 4: If 𝑢 = 𝑓(𝑥 − 𝑦, 𝑦 − 𝑥, 𝑧 − 𝑥) prove 
ப௨

ப௫
+

ப௨

ப௬
+

ப௨

ப௭
= 0

 

Solution: 

Step 1: Let 𝑝 = 𝑥 − 𝑦, 𝑞 = 𝑦 − 𝑥, 𝑟 = 𝑧 − 𝑥. Then 𝑢 = 𝑓(𝑝, 𝑞, 𝑟). 

Step 2: Compute partials: 

∂𝑢

∂𝑥
= 𝑓௣ ⋅ 1 + 𝑓௤ ⋅ (−1) + 𝑓௥ ⋅ (−1) = 𝑓௣ − 𝑓௤ − 𝑓௥ 

∂𝑢

∂𝑦
= 𝑓௣ ⋅ (−1) + 𝑓௤ ⋅ 1 + 𝑓௥ ⋅ 0 = −𝑓௣ + 𝑓௤ 

∂𝑢

∂𝑧
= 𝑓௣ ⋅ 0 + 𝑓௤ ⋅ 0 + 𝑓௥ ⋅ 1 = 𝑓௥ 

 

Step 3: Sum: (𝑓௣ − 𝑓௤ − 𝑓௥) + (−𝑓௣ + 𝑓௤) + (𝑓௥) = 0 

Shown  
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Question 5: Using partial derivative find 
ௗ௬

ௗ௫
 for 𝑥𝑒௬ + sin (𝑥𝑦) + 𝑦ln 2 =

0 at (0, ln 2) 

 

Solution: 

Step 1: Let 𝐹(𝑥, 𝑦) = 𝑥𝑒௬ + sin (𝑥𝑦) + 𝑦ln 2. 

Then 
ௗ௬

ௗ௫
= −

ிೣ

ி೤
. 

Step 2: Compute: 

𝐹௫ = 𝑒௬ + 𝑦cos (𝑥𝑦), 𝐹௬ = 𝑥𝑒௬ + 𝑥cos (𝑥𝑦) + ln 2 
 

Step 3: At (0, ln 2): 

𝐹௫ = 𝑒୪୬ ଶ + ln 2 ⋅ cos 0 = 2 + ln 2 
𝐹௬ = 0 + 0 + ln 2 = ln 2 
𝑑𝑦

𝑑𝑥
= −

2 + ln 2

ln 2
 

−
2 + ln 2

ln 2
 

 

 

Question 6: If 𝑦𝑥௬ = sin 𝑥 then find 
ௗ௬

ௗ௫

 

Solution: 

Step 1: Take natural log: ln 𝑦 + 𝑦ln 𝑥 = ln (sin 𝑥) 

Step 2: Differentiate implicitly: 

1

𝑦

𝑑𝑦

𝑑𝑥
+

𝑑𝑦

𝑑𝑥
ln 𝑥 +

𝑦

𝑥
=

cos 𝑥

sin 𝑥
 

𝑑𝑦

𝑑𝑥
(
1

𝑦
+ ln 𝑥) = cot 𝑥 −

𝑦

𝑥
 

𝑑𝑦

𝑑𝑥
=

cot 𝑥 −
𝑦
𝑥

1
𝑦

+ ln 𝑥
 

cot 𝑥 −
𝑦
𝑥

1
𝑦

+ ln 𝑥
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Question 7: If sin (𝑥𝑦𝑧) + 𝑥ଷ𝑦ଶ𝑧ଶ + ln (𝑥ଶ + 𝑦ଶ + 𝑧ଶ) = 0 find 
ப௭

ப௫
, 

ப௬

ப௭
, 

ப௬

ப௫

 

Solution: 

Step 1: Let 𝐹(𝑥, 𝑦, 𝑧) = sin (𝑥𝑦𝑧) + 𝑥ଷ𝑦ଶ𝑧ଶ + ln (𝑥ଶ + 𝑦ଶ + 𝑧ଶ). 

Step 2: Compute partials: 

𝐹௫ = 𝑦𝑧cos (𝑥𝑦𝑧) + 3𝑥ଶ𝑦ଶ𝑧ଶ +
2𝑥

𝑥ଶ + 𝑦ଶ + 𝑧ଶ
 

𝐹௬ = 𝑥𝑧cos (𝑥𝑦𝑧) + 2𝑥ଷ𝑦𝑧ଶ +
2𝑦

𝑥ଶ + 𝑦ଶ + 𝑧ଶ
 

𝐹௭ = 𝑥𝑦cos (𝑥𝑦𝑧) + 2𝑥ଷ𝑦ଶ𝑧 +
2𝑧

𝑥ଶ + 𝑦ଶ + 𝑧ଶ
 

 

Step 3: Apply formulas: 

∂𝑧

∂𝑥
= −

𝐹௫

𝐹௭

,
∂𝑦

∂𝑧
= −

𝐹௭

𝐹௬

,
∂𝑦

∂𝑥
= −

𝐹௫

𝐹௬

 

−
𝐹௫

𝐹௭

, −
𝐹௭

𝐹௬

, 

−
𝐹௫

𝐹௬

 

 
 

 

  


