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Assignment – 11 

Topic: Partial Derivative 

(Disclaimer: The purpose of these AI-generated responses is just education and reference. Utilise them to grasp topics and structure, but 
always rewrite in your own words and double-check the content before submitting. Academic misuse is not the creator's fault.) 

 

Question 1: "The flow of the heat in a temperature field take place in the direction 
of maximum decrease of temperature." If 𝑇 is a temperature field then find the 
direction of maximum change of temperature at given point. 

(1) 𝑇(𝑥, 𝑦, 𝑧) =
௫

௫మା௬మ
 at point (1, -1, 2) 

(2) 𝑇(𝑥, 𝑦) = 𝑒௫మା௬మ
sin (2𝑥𝑦) at point 𝑃(

గ

ଶ
, 0) 

 

Solution: 

(1) Direction of maximum change = gradient ∇𝑇. 

Step 1: Compute partial derivatives: 

𝑇௫ =
(𝑥ଶ + 𝑦ଶ) − 𝑥(2𝑥)

(𝑥ଶ + 𝑦ଶ)ଶ
=

𝑦ଶ − 𝑥ଶ

(𝑥ଶ + 𝑦ଶ)ଶ
 

𝑇௬ =
0 − 𝑥(2𝑦)

(𝑥ଶ + 𝑦ଶ)ଶ
= −

2𝑥𝑦

(𝑥ଶ + 𝑦ଶ)ଶ
 

𝑇௭ = 0 
 

Step 2: At (1, -1, 2): 

𝑇௫ =
1 − 1

(1 + 1)ଶ
= 0, 𝑇௬ = −

2(1)(−1)

4
=

2

4
=

1

2
 

∇𝑇 = (0,
1

2
, 0) 

 

Direction of max decrease = opposite to gradient = (0, −
ଵ

ଶ
, 0). 

(0, −
1

2
, 0)  

 

(2) 𝑇(𝑥, 𝑦) = 𝑒௫మା௬మ
sin (2𝑥𝑦) 

Step 1: Compute partials: 

𝑇௫ = 𝑒௫మା௬మ
[2𝑥sin (2𝑥𝑦) + 2𝑦cos (2𝑥𝑦)] 

𝑇௬ = 𝑒௫మା௬మ
[2𝑦sin (2𝑥𝑦) + 2𝑥cos (2𝑥𝑦)] 
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Step 2: At (𝜋/2,0): 

𝑇௫ = 𝑒గమ/ସ[𝜋sin 0 + 0] = 0 

𝑇௬ = 𝑒గమ/ସ[0 + 𝜋cos 0] = 𝜋𝑒గమ/ସ 

∇𝑇 = (0, 𝜋𝑒గమ/ସ) 
 

Direction of max decrease = (0, −𝜋𝑒గమ/ସ). 

(0, −𝜋𝑒గమ/ସ)  

 

 

Question 2: If 𝑟 = 𝑥𝚤̂ + 𝑦𝚥̂ + 𝑧𝑘෠  and ∣ 𝑟 ∣= ඥ𝑥ଶ + 𝑦ଶ + 𝑧ଶ then find grad(∣ 𝑟 ∣௡). 

 

Solution: 

Step 1: Let 𝜙 =∣ 𝑟 ∣௡= (𝑥ଶ + 𝑦ଶ + 𝑧ଶ)௡/ଶ 

Step 2: Compute gradient: 

∂𝜙

∂𝑥
=

𝑛

2
(𝑥ଶ + 𝑦ଶ + 𝑧ଶ)௡/ଶିଵ ⋅ 2𝑥 = 𝑛𝑥 ∣ 𝑟 ∣௡ିଶ 

 

Similarly for y, z. 

Step 3: So: 

grad(∣ 𝑟 ∣௡) = 𝑛 ∣ 𝑟 ∣௡ିଶ 𝑟 

𝑛 ∣ 𝑟 ∣௡ିଶ 𝑟  
 

 

Question 3: If 𝑓(𝑥, 𝑦, 𝑧) = 𝑒௫௬௭ + tan ିଵ(
௫

௬
) then find grad(𝑓) at point (1,1,1) 

 

Solution: 

Step 1: Compute partials: 

𝑓௫ = 𝑦𝑧𝑒௫௬௭ +
1

1 + (𝑥/𝑦)ଶ
⋅

1

𝑦
= 𝑦𝑧𝑒௫௬௭ +

𝑦

𝑥ଶ + 𝑦ଶ
 

𝑓௬ = 𝑥𝑧𝑒௫௬௭ +
1

1 + (𝑥/𝑦)ଶ
⋅ (−

𝑥

𝑦ଶ
) = 𝑥𝑧𝑒௫௬௭ −

𝑥

𝑥ଶ + 𝑦ଶ
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𝑓௭ = 𝑥𝑦𝑒௫௬௭ 
 

Step 2: At (1,1,1): 

𝑓௫ = 1 ⋅ 𝑒ଵ +
1

1 + 1
= 𝑒 +

1

2
 

𝑓௬ = 1 ⋅ 𝑒ଵ −
1

1 + 1
= 𝑒 −

1

2
 

𝑓௭ = 1 ⋅ 𝑒ଵ = 𝑒 

grad(𝑓) = (𝑒 +
1

2
, 𝑒 −

1

2
, 𝑒) 

(𝑒 +
1

2
, 𝑒 −

1

2
, 𝑒)  

 

 

Question 4: Explain directional derivative and find the directional derivative 
of 𝑓(𝑥, 𝑦, 𝑧) = 3𝑒௫cos (𝑦𝑧) at point 𝑃(0,0,0) in the direction of 𝑎⃗ = 2𝚤̂ + 2𝚥̂ −

2𝑘෠ . 
 

Solution: 

Step 1: Directional derivative = ∇𝑓 ⋅ 𝑢ො , where 𝑢ො  is unit vector in direction of 𝑎⃗. 

Step 2: Compute ∇𝑓: 

𝑓௫ = 3𝑒௫cos (𝑦𝑧), 𝑓௬ = −3𝑧𝑒௫sin (𝑦𝑧), 𝑓௭ = −3𝑦𝑒௫sin (𝑦𝑧) 
 

At (0,0,0): 

∇𝑓 = (3 ⋅ 1 ⋅ 1,0,0) = (3,0,0) 
 

Step 3: Unit vector 𝑢ො : 

∣ 𝑎⃗ ∣= √4 + 4 + 4 = √12 = 2√3 

𝑢ො = (
2

2√3
,

2

2√3
, −

2

2√3
) = (

1

√3
,

1

√3
, −

1

√3
) 

 

Step 4: Dot product: 

∇𝑓 ⋅ 𝑢ො = 3 ⋅
1

√3
+ 0 + 0 = √3 

√3  
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Question 5: Find the angle between the surface 𝑥ଶ + 𝑦ଶ + 𝑧ଶ = 9 and 𝑥ଶ + 𝑦ଶ −

𝑧 = 3 at point (2, -1, 2). 
 

Solution: 

Step 1: Let 𝑓ଵ = 𝑥ଶ + 𝑦ଶ + 𝑧ଶ − 9, 𝑓ଶ = 𝑥ଶ + 𝑦ଶ − 𝑧 − 3. 
Gradients are normal to surfaces. 

Step 2: Compute gradients: 

∇𝑓ଵ = (2𝑥, 2𝑦, 2𝑧) = (4, −2,4) at (2,-1,2) 
∇𝑓ଶ = (2𝑥, 2𝑦, −1) = (4, −2, −1) 

 

Step 3: Angle between surfaces = angle between normals: 

cos 𝜃 =
∇𝑓ଵ ⋅ ∇𝑓ଶ

∣ ∇𝑓ଵ ∣∣ ∇𝑓ଶ ∣
=

16 + 4 − 4

√16 + 4 + 16 ⋅ √16 + 4 + 1
=

16

√36 ⋅ √21
=

16

6√21

=
8

3√21
 

𝜃 = cos ିଵ(
8

3√21
) 

cos ିଵ(
8

3√21
)  

 

 

Question 6: Find the equation of tangent plane and normal line to the 
surface 2𝑥𝑧ଶ − 3𝑥𝑦 − 4𝑥 = 7 at point (1, -1, 2) 

 

Solution: 

Step 1: Let 𝐹(𝑥, 𝑦, 𝑧) = 2𝑥𝑧ଶ − 3𝑥𝑦 − 4𝑥 − 7 

Step 2: Compute gradient: 

𝐹௫ = 2𝑧ଶ − 3𝑦 − 4, 𝐹௬ = −3𝑥, 𝐹௭ = 4𝑥𝑧 
 

At (1,-1,2): 

𝐹௫ = 8 + 3 − 4 = 7, 𝐹௬ = −3, 𝐹௭ = 8 

∇𝐹 = (7, −3,8) 



 

 
 

19 DESISTUDENTS.ME 

November 28, 2025 

 

Step 3: Tangent plane: 

7(𝑥 − 1) − 3(𝑦 + 1) + 8(𝑧 − 2) = 0 
7𝑥 − 7 − 3𝑦 − 3 + 8𝑧 − 16 = 0 
7𝑥 − 3𝑦 + 8𝑧 = 26 

 

Step 4: Normal line: 

𝑥 − 1

7
=

𝑦 + 1

−3
=

𝑧 − 2

8
 

7𝑥 − 3𝑦 + 8𝑧 = 26,
𝑥 − 1

7
=

𝑦 + 1

−3
=

𝑧 − 2

8
 

 

 

Question 7: For simple pendulum 𝑇 = 2𝜋ට
௟

௚
. Find the maximum error in 𝑇 due to 

possible error 2.4% in 𝑙 and 1% in 𝑔. 
 

Solution: 

Step 1: Relative error: 

𝑑𝑇

𝑇
=

1

2

𝑑𝑙

𝑙
−

1

2

𝑑𝑔

𝑔
 

 

Max relative error: 

∣
𝑑𝑇

𝑇
∣≤

1

2
∣

𝑑𝑙

𝑙
∣ +

1

2
∣

𝑑𝑔

𝑔
∣=

1

2
(0.024) +

1

2
(0.01) = 0.012 + 0.005 = 0.017 

 

Max percentage error = 1.7% 

1.7%  
 

 

Question 8: Find the local maximum and minimum values of 2(𝑥ଶ − 𝑦ଶ) − 𝑥ସ +

𝑦ସ. 

Solution: 

Step 1: Let 𝑓(𝑥, 𝑦) = 2𝑥ଶ − 2𝑦ଶ − 𝑥ସ + 𝑦ସ 
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Step 2: Find critical points: 

𝑓௫ = 4𝑥 − 4𝑥ଷ = 4𝑥(1 − 𝑥ଶ) = 0 ⇒ 𝑥 = 0, ±1 
𝑓௬ = −4𝑦 + 4𝑦ଷ = 4𝑦(𝑦ଶ − 1) = 0 ⇒ 𝑦 = 0, ±1 

 

Critical points: (0,0), (±1,0), (0,±1), (±1,±1) 

Step 3: Second derivatives: 

𝑓௫௫ = 4 − 12𝑥ଶ, 𝑓௬௬ = −4 + 12𝑦ଶ, 𝑓௫௬ = 0 
 

Discriminant 𝐷 = 𝑓௫௫𝑓௬௬ − (𝑓௫௬)ଶ 

 At (0,0): 𝑓௫௫ = 4, 𝑓௬௬ = −4, 𝐷 = −16 < 0 ⇒ saddle 

 At (±1,0): 𝑓௫௫ = −8, 𝑓௬௬ = −4, 𝐷 = 32 > 0, 𝑓௫௫ < 0 ⇒ local max, 𝑓 = 2 −

0 − 1 + 0 = 1 

 At (0,±1): 𝑓௫௫ = 4, 𝑓௬௬ = 8, 𝐷 = 32 > 0, 𝑓௫௫ > 0 ⇒ local min, 𝑓 = 0 − 2 −

0 + 1 = −1 

 At (±1,±1): 𝑓௫௫ = −8, 𝑓௬௬ = 8, 𝐷 = −64 < 0 ⇒ saddle 

Step 4: Local max value = 1, Local min value = -1 

Local max: 1, Local min: − 1  

 

 

Question 9: Find the shortest distance from origin to the surface 𝑥𝑦𝑧ଶ = 2. 

 

Solution: 

Step 1: Minimize 𝑑ଶ = 𝑥ଶ + 𝑦ଶ + 𝑧ଶ subject to 𝑥𝑦𝑧ଶ = 2. 

Step 2: Use Lagrange multipliers: Let 𝐹 = 𝑥ଶ + 𝑦ଶ + 𝑧ଶ + 𝜆(𝑥𝑦𝑧ଶ − 2) 

Step 3: Partial derivatives: 

𝐹௫ = 2𝑥 + 𝜆𝑦𝑧ଶ = 0(1) 
𝐹௬ = 2𝑦 + 𝜆𝑥𝑧ଶ = 0(2) 

𝐹௭ = 2𝑧 + 𝜆2𝑥𝑦𝑧 = 0(3) 
 

Constraint: 𝑥𝑦𝑧ଶ = 2 

Step 4: From (1) and (2): 
2𝑥 + 𝜆𝑦𝑧ଶ = 0, 2𝑦 + 𝜆𝑥𝑧ଶ = 0 
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Multiply first by x, second by y: 
2𝑥ଶ + 𝜆𝑥𝑦𝑧ଶ = 0, 2𝑦ଶ + 𝜆𝑥𝑦𝑧ଶ = 0 
Subtract: 2(𝑥ଶ − 𝑦ଶ) = 0 ⇒ 𝑥ଶ = 𝑦ଶ ⇒ 𝑥 = ±𝑦 

Step 5: From (1) and (3): 

2𝑥 + 𝜆𝑦𝑧ଶ = 0, 2𝑧 + 2𝜆𝑥𝑦𝑧 = 0 ⇒ 1 + 𝜆𝑥𝑦 = 0 ⇒ 𝜆 = −
ଵ

௫௬
 

Step 6: Substitute into (1): 2𝑥 −
ଵ

௫௬
⋅ 𝑦𝑧ଶ = 0 ⇒ 2𝑥 −

௭మ

௫
= 0 ⇒ 2𝑥ଶ = 𝑧ଶ ⇒ 𝑧ଶ =

2𝑥ଶ 

Step 7: Constraint: 𝑥(±𝑥)(2𝑥ଶ) = 2 ⇒ ±2𝑥ସ = 2 ⇒ 𝑥ସ = 1 ⇒ 𝑥 = ±1 

Then 𝑧ଶ = 2 ⇒ 𝑧 = ±√2 

Step 8: Distance 𝑑 = √1 + 1 + 2 = √4 = 2 

2  
 

 

Question 10: Prove that the rectangular solid of maximum volume that can be 
inscribed in a sphere is a cube. 

 

Solution: 

Step 1: Let sphere radius R, rectangular solid dimensions 2x, 2y, 2z. 
Constraint: 𝑥ଶ + 𝑦ଶ + 𝑧ଶ = 𝑅ଶ 
Volume 𝑉 = 8𝑥𝑦𝑧 

Step 2: Maximize 𝑓 = 𝑥𝑦𝑧 subject to 𝑥ଶ + 𝑦ଶ + 𝑧ଶ = 𝑅ଶ. 
Lagrange: ∇𝑓 = 𝜆∇𝑔: 
𝑦𝑧 = 𝜆2𝑥, 𝑥𝑧 = 𝜆2𝑦, 𝑥𝑦 = 𝜆2𝑧 

Step 3: Multiply first by x, second by y, third by z: 
𝑥𝑦𝑧 = 𝜆2𝑥ଶ, 𝑥𝑦𝑧 = 𝜆2𝑦ଶ, 𝑥𝑦𝑧 = 𝜆2𝑧ଶ 
So 𝑥ଶ = 𝑦ଶ = 𝑧ଶ ⇒ 𝑥 = 𝑦 = 𝑧 

Thus solid is a cube. 

Shown  
 

 

Question 11: Find the numbers 𝑥, 𝑦, 𝑧 such that 𝑥𝑦𝑧 = 8 and 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥 is 
maximum using Lagrange Multipliers method. 
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Solution: 

Step 1: Maximize 𝑓 = 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥 subject to 𝑔 = 𝑥𝑦𝑧 − 8 = 0. 

Step 2: Lagrange: ∇𝑓 = 𝜆∇𝑔: 

𝑓௫ = 𝑦 + 𝑧 = 𝜆𝑦𝑧(1) 
𝑓௬ = 𝑥 + 𝑧 = 𝜆𝑥𝑧(2) 
𝑓௭ = 𝑥 + 𝑦 = 𝜆𝑥𝑦(3) 

 

Constraint: 𝑥𝑦𝑧 = 8 

Step 3: From (1) and (2): 
𝑦 + 𝑧 = 𝜆𝑦𝑧, 𝑥 + 𝑧 = 𝜆𝑥𝑧 
Multiply first by x, second by y: 
𝑥𝑦 + 𝑥𝑧 = 𝜆𝑥𝑦𝑧, 𝑥𝑦 + 𝑦𝑧 = 𝜆𝑥𝑦𝑧 
So 𝑥𝑦 + 𝑥𝑧 = 𝑥𝑦 + 𝑦𝑧 ⇒ 𝑥𝑧 = 𝑦𝑧 ⇒ 𝑥 = 𝑦 (assuming z≠0) 

Similarly from (2) and (3): 𝑥 + 𝑧 = 𝜆𝑥𝑧, 𝑥 + 𝑦 = 𝜆𝑥𝑦 ⇒ 𝑥 + 𝑧 = 𝑥 + 𝑦 ⇒ 𝑧 = 𝑦 

So 𝑥 = 𝑦 = 𝑧 

Step 4: Constraint: 𝑥ଷ = 8 ⇒ 𝑥 = 2 

So 𝑥 = 𝑦 = 𝑧 = 2 

2,2,2  

 
 

 

  


