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Assignment — 11

Topic: Partial Derivative

(Disclaimer: The purpose of these Al-generated responses is just education and reference. Utilise them to grasp topics and structure, but
always rewrite in your own words and double-check the content before submitting. Academic misuse is not the creator's fault.)

Question 1: "The flow of the heat in a temperature field take place in the direction
of maximum decrease of temperature." If T is a temperature field then find the
direction of maximum change of temperature at given point.

X .
OHTx,y,2) = iy at point (1, -1, 2)
(2) T(x,y) = e***¥sin (2xy) at point P(g, 0)

Solution:
(1) Direction of maximum change = gradient VT.
Step 1: Compute partial derivatives:

_ (2 Hy)—xx) _ y -

T, =

* (x? +y?)? (x? +y?)?

T 0—-x(2y) 2xy

y - (x2 + y2)2 - (x2 + y2)2

T,=0

Step 2: At (1, -1, 2):
1-1 2(H(-1) 2 1

T:—:O’T = = —
Y 1+1)2 Y 4 4 2

1
vT =(0,=,0
(0.5,0)

Direction of max decrease = opposite to gradient = (0, — %, 0).

0 1O
(’ 2’)

() T(x,y) = e*"*¥’sin (2xy)
Step 1: Compute partials:

T, = e***¥*[2xsin (2xy) + 2ycos (2xy)]
T, = e***¥*[2ysin (2xy) + 2xcos (2xy)]

November 28, 2025



DESISTUDENTS.ME

Step 2: At (1/2,0):

T, = e™/*[nsin 0+ 0] =0
T, = e™/*[0 + mcos 0] = me™ /*

VT = (0,e™ /%)

. . 2
Direction of max decrease = (0, —me™ /).

(0, —ne”2/4)

Question 2: If 7 = xi + yj + zk and | 7 |= \/x% + y? + 22 then find grad(| 7 ).

Solution:
Step 1: Let ¢ =| 7 I"= (x? + y2 + 22)"/?
Step 2: Compute gradient:

d¢

n
A =g (P Y VI 2x = | P
Similarly fory, z.

Step 3: So:

grad(| 7 ") =n |7 "2 7
Question 3: If f(x,y,z) = e*¥? + tan "1(3) then find grad(f) at point (1,1,1)

Solution:

Step 1: Compute partials:

1 1 y
— xyz 4 e — — xXyz 4
fx = yze 1+amEy 7 x% + y?
X X
fy = xze™’* + TG (- ?) = xze™ — —— v
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f, = xye™”

Step 2: At (1,1,1):

—lel b =eta
fe=1l-etmg=ets
1. 11
h=le =177 3
f,=1-el=e
() = (e + e~
gra (f)_(e Zie Zre)
+1 1
(e 2,e 2,e)
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Question 4: Explain directional derivative and find the directional derivative
of f(x,y,z) = 3e*cos (yz) at point P(0,0,0) in the direction of @ = 21 + 2] —

2k.

Solution:

Step 1: Directional derivative = Vf - i, where i is unit vector in direction of d.

Step 2: Compute Vf:

fr = 3e*cos z), fy = —3ze*sin (yz2), f,

At (0,0,0):

Step 3: Unit vector i:

Vf=(3-1-1,00) = (3,0,0)

ldl=Va+4+4=+12=23

2 2 2 1 1

i =

Step 4: Dot product:
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Question 5: Find the angle between the surface x? + y? + z? = 9 and x% + y? —
z = 3 atpoint (2, -1, 2).

Solution:

Stepl:Letf; =x2+y?>+2z2—-9,f, =x>+y*—z—3.
Gradients are normal to surfaces.

Step 2: Compute gradients:

Vfi = (2x,2y,2z) = (4,—2,4) at (2,-1,2)
Vf, = (2x,2y,—-1) = (4,-2,—-1)

Step 3: Angle between surfaces = angle between normals:

o _ VAV 16 + 4 — 4 16 16
|Vf1||vf2| \/16+4+16'\/16+4-+1 V36 -+21 6v21
8
T 3v21
6 = cos 1 (—)
= COS —
3v21
S
COoS —_
3v21

Question 6: Find the equation of tangent plane and normal line to the
surface 2xz? — 3xy — 4x = 7 at point (1, -1, 2)

Solution:
Step 1: Let F(x,y,z) = 2xz? —3xy —4x — 7
Step 2: Compute gradient:
F. =22* =3y —4,F, = =3x,F, = 4xz

At (1,-1,2):

F,=8+3—4=7F,=-3,F,=8
VF = (7,-3,8)
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Step 3: Tangent plane:

7x—=1)—-3(y+1)+8(z—-2)=0
7x—7—-3y—3+8z—-16=0
7x — 3y +8z =26

Step 4: Normal line:

x=1 y+1 z-2
7 -3 8

- 3y +8 _26x—1_y+1_z—2
XToyTer= LTy =TT = g

. Find the maximum error in T due to

Question 7: For simple pendulum T = 27 \[
possible error 2.4% in l and 1% in g.

Solution:

Step 1: Relative error:

dT 1dl 1dg

T 21 2g

Max relative error:

dT 1 dl 1 dg

1 1
— <= =l += == (0. Z(0.01) = 0. .005 = 0.
|T|_2|l|+2|g| 5(0.024) +-(0.01) = 0.012 +0.005 = 0.017

Max percentage error = 1.7%

Question 8: Find the local maximum and minimum values of 2(x? — y?) — x* +
4

y*.
Solution:

Step 1: Let f(x,y) = 2x? — 2y? — x* + y*
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Step 2: Find critical points:

fi=4x—4x3=4x(1-x*)=0=>x=0,%+1
fy=—4y+4y  =4y(y*-1)=0=>y=0,%1

Critical points: (0,0), (£1,0), (0,£1), (£1,£1)
Step 3: Second derivatives:

fox = 4—12x%,f,, = =4+ 12y%,f,, = 0

Discriminant D = fi, fyy — (fiy)?
e At(0,0): fix =4 fyy = —4,D = =16 < 0 = saddle

o At(£1,0): foix =-8,f,y =—4,D=32>0,f, <0=localmax, f =2 —
0—-1+0=1

o At(0xl): fix =415, =8D=32>0,f,, > 0= localmin, f =0—2 —
0+1=-1

o At(ElEl): fix = —8,f,, = 8,D = —64 < 0 = saddle

Step 4: Local max value = 1, Local min value = -1

|Local max: 1, Local min: — 1|

Question 9: Find the shortest distance from origin to the surface xyz? = 2.

Solution:

Step 1: Minimize d? = x% + y? + z?2 subject to xyz? = 2.

Step 2: Use Lagrange multipliers: Let F = x? + y% + z% + A(xyz? — 2)
Step 3: Partial derivatives:

E, = 2x + Ayz? = 0(1)
E, =2y + 2xz*> = 0(2)
E, =2z + A2xyz = 0(3)

Constraint: xyz? = 2

Step 4: From (1) and (2):
2x + Ayz? = 0,2y + Axz> =0
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Multiply first by x, second by y:
2x% + Axyz? =0, 2y? + Axyz®> =0
Subtract: 2(x? —y*) =0=>x*=y* = x =1y

Step 5: From (1) and (3):

2x +Ayz2 =0,2z+2Axyz=0=>1+Axy =01 = —i
Step 6: Substitute into (1): 2x — $ cyz? =0 2x —§ =0>2x2=2z2=2z2%=
2x?

Step 7: Constraint: x(+x)(2x?) =2=>+2x*=2=2x*=1=>x = +1

Thenz2 =2 =z = +/2

Step 8: Distance d = V1 + 142 =4 =2

Question 10: Prove that the rectangular solid of maximum volume that can be
inscribed in a sphere is a cube.

Solution:

Step 1: Let sphere radius R, rectangular solid dimensions 2x, 2y, 2z.
Constraint: x2 + y? + z2 = R?
Volume V = 8xyz

Step 2: Maximize f = xyz subject to x? + y% + z% = R
Lagrange: Vf = AVg:

vz = A2x,xz = A2y, xy = A2z

Step 3: Multiply first by x, second by vy, third by z:

xyz = A2x?, xyz = A2y?, xyz = 122>
Sox?=y2=z’sx=y=1z

Thus solid is a cube.

Question 11: Find the numbers x, y, z such that xyz = 8 and xy + yz + zx is
maximum using Lagrange Multipliers method.
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Solution:
Step 1: Maximize f = xy + yz + zx subjectto g = xyz — 8 = 0.
Step 2: Lagrange: Vf = AVg:

fo=y+z=2yz(1)
fy =x+2z=2xz(2)

f,=x+y=2Axy(3)

Constraint: xyz = 8

Step 3: From (1) and (2):

y+z=Ayz,x +z = Axz

Multiply first by x, second by y:

Xy +xz = Axyz, xy + yz = Axyz

Soxy +xz =xy+yz=xz =yz=x =Yy (assuming z#0)

Similarly from (2) and B): x +z = Axz,x +y=Axy=>x+z=x+y=>z=y
Sox=y=z
Step 4: Constraint: x3 =8 = x = 2

Sox=y=z=2
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