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Assignment — 12

Topic: Multiple Integration

(Disclaimer: The purpose of these Al-generated responses is just education and reference. Utilise them to grasp topics and structure, but
always rewrite in your own words and double-check the content before submitting. Academic misuse is not the creator's fault.)

Question 1: Explain double integration with its geometric meaning.

Solution:

Double integration computes volume under surface z = f(x,y) over region R in xy-plane.

Question 2: Evaluate following double integrals
ey
Jl Jl dxdy
o Jo JA—-x)(A-y?)

Step 1: Separate the integrals since the integrand is a product of functions of x and
y:

Solution:

[ J(l—i:jgl—m:(f =, J%)

Step 2: Evaluate each integral:

T T
= [sin “1(x)]3 = sin (1) — sin ~1(0) = 5~ 0= >

fl dx
0 V1 — x2
j‘l dy m
0o J1-—yz 2
Step 3: Multiply the results:

7.".2

T T _
(E)(E) =7

Final Answer:
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@) [ xeX*dydx

Step 1: Integrate w.r.t y:

3x2
2 2
J eYdy = e3¥" —e?*
2x2

So integral = ff xe*’ (e3%" — e22*)dx = ff x(e* — e3*")dx

Step 2: Let u = x2, du = 2xdx:

1 16 1 e4u e3u
S 4u 3uyg - _[—— _ ___116
3] e e =5 -
_1(664—94 e48_e3)

2 4 3

1 % — et 48 _ o3
2O 3 )

A 7 R ydxdy

Step 1: Region: quarter circle in first quadrant, radius 1.
Step 2: Use polar: x = rcos 6,y =7rsin 8,0 <r <1,0 <60 <m/2, Jacobian =r.

Integral = [/* [\ r2.rdrdo = [ a0 [ ridr

s
8

T
o

@[S

(4) fon' f;;o sinxdydx

X

Step 1: Integrate w.r.t y:
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X
f dy =x
0

xdx = fon sin xdx = [—cos x]f = 2

sinx

So integral = | On

Question 3: Evaluate [ (x + y)?dxdy where R is region enclosed by

2 2
ellipse 2—2 + Z—Z =1

Solution:

Step 1: Use transformation x = arcos 6,y = brsin 8, Jacobian = abr,
region: 0 <r <1,0 <6 < 2m.

Step 2: (x + y)? = a?r?cos ? 6 + 2abr?sin Gcos 0 + b*r?sin? 0
Integral = ab fozn fol [a®cos % 6 + 2absin Ocos O + b*sin ? 6]r3drdo
Step 3: fol ri3dr = i

Integral = %bfozn [a?cos ? 6 + 2absin Ocos O + b%sin 2 0]d0

Step 4: fozn cos?6d6 =m, [ sin?6d6 = m, [ sin Bcos 8dO = 0

So =2 [a?m + b?1r] = “2 (a? + b?)

mab
T (az + bz)

Question 4: Evaluate [[, x?dA where R is region in first quadrant bounded by
hyperbola xy = 16 and lines y = x,x = 4,x = 8

Solution:
Step 1: Region: between y = x and y = 16/x, from x = 4 to x = 8.
Step 2: Integral = [ 48 fxlé/x x2dydx

Inner integral: x2[y].%* = x2(1x—6 —x) = 16x — x°
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Step 3: [0 (16x — x*)dx = [8x? — 23

Atx=8:8-64—%=512—1024=—512

Atx=4:8.16—24ﬁ=128—64=64

Difference: —512 — 64 = —576
Wait, check: Actually [ (16x — x%)dx = 8x? — x*/4

At8:8-64 —4096/4 =512 — 1024 = -512
At4:128 —256/4 = 128 — 64 = 64
So —512 — 64 = —576

Question 5: Evaluate [[, rva? —r2drd6 over the upper half of the circle r =
acos 6

Solution:

Step 1: Region: 0 < r < acos 0,0 < 6 < w/2 (upper half).

Step 2: Integral = fon/z foacos ° rJar —r2drde

Step 3: Inner integral: Let u = a? — r2, du = —2rdr:

acos 6 1 a’—a?cos?0
f rya? —ridr = ——f ul2du
0 2 a?

2

1

= —fa ul/?2du = l[2113/2]‘12 02
2 a2sin26 23 a“sin <6

1 al
=§(a3—a3|sin39 |)=?(1—sin39)

Step 4: Outer integral:

a3 /2
?f (1 —sin30)do
0

/2 T
1d6 = =
J ;

/2 2
f sin 3 8d@ = §(since [sin36d6 = —cos 6 +
0

cos 3

6
, from 0 to 7t /2
=0—-(-1+4+1/3)=2/3)
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Question 6: Find the volume of prism where base is triangle in XY plane bounded
by y-axis, y = x and y = 1 and whose top lies in the plane z = 2 — x — y.

Solution:
Step 1: Baseregion: 0 < x <1,x <y <1

Step 2: Volume = [f, (2 —x —y)dA

:fol fxl (2—x—y)dydx

Step 3: Inner integral:

2

| e-x-niy=1e-oy-%1

Aty=1:(2—x)—5=>—-x
2 2 2
Aty=x: 2 —x)x — S =2x—x2 - =2x - &
2 2 2
2

2
Difference: > — x — (2x — 3i) =3 _3x 4+
2 2 2 2

Step 4: Outer integral:

1
3 3 +3x2d _3x 3x2+x31_3 3+1_1
G=3x+—pdx=l7-—+5h=53-5+773
0
1
2

Question 7: A thin plate covers the triangular region bounded by x-axis and
line x = 1 and y = 2x in the first octant. The plate density at point (X,y)
is p(x,y) = 6x + 6y + 6. Find the plate mass, first moments and center of mass
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about the coordinate axis.

Solution:
Step 1: Region: 0 < x < 1,0 <y < 2x.
Step 2: Mass M = [, p(x,y)dA = fol fozx (6x + 6y + 6)dydx

Inner: [ (6x + 6y + 6)dy = [6xy + 3y + 6y]3* = 12x% + 12x2 + 12x =
24x?% + 12x

Outer: | (24x% + 12x)dx = [8x® + 6x°]} = 8+ 6 = 14
So M = 14

Step 3: First moment about y-axis M, = [f,  xpdA = fol fozx x(6x + 6y +
6)dydx

Inner: fozx (6x2 + 6xy + 6x)dy = [6x%y + 3xy? + 6xy]3* = 12x3 + 12x3 +
12x?% = 24x3 + 12x?

Outer: | (24x% + 12x?)dx = [6x* + 4x°]} = 6 + 4 = 10
So M, =10

Step 4: First moment about x-axis M, = [[, ypdA = fol fozx y(6x + 6y +
6)dydx

Inner: f02x (6xy + 6y% + 6y)dy = [3xy? + 2y3 + 3y?]3* = 12x3 + 16x% +
12x% = 28x3 + 12x?

Outer: ] (2823 + 12x%)dx = [7x* + 4x°]s =7 + 4 = 11
So M, =11
Step S: Center of mass x = M,,/M = 10/14=5/7,y = M,/M = 11/14

M = 14, M, = 10,
5
M, =11,% ==,
11
YT 1a
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