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Assignment – 12 

Topic: Multiple Integration 

(Disclaimer: The purpose of these AI-generated responses is just education and reference. Utilise them to grasp topics and structure, but 
always rewrite in your own words and double-check the content before submitting. Academic misuse is not the creator's fault.) 

 

Question 1: Explain double integration with its geometric meaning. 
 

Solution: 

Double integration computes volume under surface 𝑧 = 𝑓(𝑥, 𝑦) over region R in xy-plane.  

 

 

Question 2: Evaluate following double integrals 

(1)  

න
ଵ

଴

න
ଵ

଴

𝑑𝑥𝑑𝑦

ඥ(1 − 𝑥ଶ)(1 − 𝑦ଶ)
 

Solution: 

Step 1: Separate the integrals since the integrand is a product of functions of x and 
y: 

න
ଵ

଴

න
ଵ

଴

𝑑𝑥𝑑𝑦

ඥ(1 − 𝑥ଶ)(1 − 𝑦ଶ)
= (න

ଵ

଴

𝑑𝑥

√1 − 𝑥ଶ
)(න

ଵ

଴

𝑑𝑦

ඥ1 − 𝑦ଶ
) 

 

Step 2: Evaluate each integral: 

න
ଵ

଴

𝑑𝑥

√1 − 𝑥ଶ
= [sin ିଵ(𝑥)]଴

ଵ = sin ିଵ(1) − sin ିଵ(0) =
𝜋

2
− 0 =

𝜋

2
 

න
ଵ

଴

𝑑𝑦

ඥ1 − 𝑦ଶ
=

𝜋

2
 

 

Step 3: Multiply the results: 

(
𝜋

2
)(

𝜋

2
) =

𝜋ଶ

4
 

 

Final Answer: 
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𝜋ଶ

4
 

 

 

(2) ∫
ସ

ଵ
∫

ଷ௫మ

ଶ௫మ 𝑥𝑒௫మା௬𝑑𝑦𝑑𝑥 

Step 1: Integrate w.r.t y: 

න
ଷ௫మ

ଶ௫మ

𝑒௬𝑑𝑦 = 𝑒ଷ௫మ
− 𝑒ଶ௫మ

 

 

So integral = ∫
ସ

ଵ
𝑥𝑒௫మ

(𝑒ଷ௫మ
− 𝑒ଶ௫మ

)𝑑𝑥 = ∫
ସ

ଵ
𝑥(𝑒ସ௫మ

− 𝑒ଷ௫మ
)𝑑𝑥 

Step 2: Let 𝑢 = 𝑥ଶ, 𝑑𝑢 = 2𝑥𝑑𝑥: 

=
1

2
න

ଵ଺

ଵ

(𝑒ସ௨ − 𝑒ଷ௨)𝑑𝑢 =
1

2
[
𝑒ସ௨

4
−

𝑒ଷ௨

3
]ଵ

ଵ଺ 

=
1

2
(
𝑒଺ସ − 𝑒ସ

4
−

𝑒ସ଼ − 𝑒ଷ

3
) 

1

2
(
𝑒଺ସ − 𝑒ସ

4
−

𝑒ସ଼ − 𝑒ଷ

3
)  

 

 

(3) ∫
ଵ

଴
∫

ඥଵି௬మ

଴
(𝑥ଶ + 𝑦ଶ)𝑑𝑥𝑑𝑦 

Step 1: Region: quarter circle in first quadrant, radius 1. 

Step 2: Use polar: 𝑥 = 𝑟cos 𝜃, 𝑦 = 𝑟sin 𝜃, 0 ≤ 𝑟 ≤ 1,0 ≤ 𝜃 ≤ 𝜋/2, Jacobian = r. 

Integral = ∫
గ/ଶ

଴
∫

ଵ

଴
𝑟ଶ ⋅ 𝑟𝑑𝑟𝑑𝜃 = ∫

గ/ଶ

଴
𝑑𝜃 ∫

ଵ

଴
𝑟ଷ𝑑𝑟 

=
𝜋

2
⋅

1

4
=

𝜋

8
 

𝜋

8
 

 

 

(4) ∫
గ

଴
∫

௫

௬ୀ଴

ୱ୧୬ ௫

௫
𝑑𝑦𝑑𝑥 

Step 1: Integrate w.r.t y: 
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න
௫

଴

𝑑𝑦 = 𝑥 

 

So integral = ∫
గ

଴

ୱ୧୬ ௫

௫
⋅ 𝑥𝑑𝑥 = ∫

గ

଴
sin 𝑥𝑑𝑥 = [−cos 𝑥]଴

గ = 2 

2  
 

 

Question 3: Evaluate ∫
ோ

(𝑥 + 𝑦)ଶ𝑑𝑥𝑑𝑦 where R is region enclosed by 

ellipse 
௫మ

௔మ
+

௬మ

௕మ
= 1

 

Solution: 

Step 1: Use transformation 𝑥 = 𝑎𝑟cos 𝜃, 𝑦 = 𝑏𝑟sin 𝜃, Jacobian = 𝑎𝑏𝑟, 
region: 0 ≤ 𝑟 ≤ 1,0 ≤ 𝜃 ≤ 2𝜋. 

Step 2: (𝑥 + 𝑦)ଶ = 𝑎ଶ𝑟ଶcos ଶ 𝜃 + 2𝑎𝑏𝑟ଶsin 𝜃cos 𝜃 + 𝑏ଶ𝑟ଶsin ଶ 𝜃 

Integral = 𝑎𝑏 ∫
ଶగ

଴
∫

ଵ

଴
[𝑎ଶcos ଶ 𝜃 + 2𝑎𝑏sin 𝜃cos 𝜃 + 𝑏ଶsin ଶ 𝜃]𝑟ଷ𝑑𝑟𝑑𝜃 

Step 3: ∫
ଵ

଴
𝑟ଷ𝑑𝑟 =

ଵ

ସ
 

Integral = 
௔௕

ସ
∫

ଶగ

଴
[𝑎ଶcos ଶ 𝜃 + 2𝑎𝑏sin 𝜃cos 𝜃 + 𝑏ଶsin ଶ 𝜃]𝑑𝜃 

Step 4: ∫
ଶగ

଴
cos ଶ 𝜃𝑑𝜃 = 𝜋, ∫ sin ଶ 𝜃𝑑𝜃 = 𝜋, ∫ sin 𝜃cos 𝜃𝑑𝜃 = 0 

So = 
௔௕

ସ
[𝑎ଶ𝜋 + 𝑏ଶ𝜋] =

గ௔௕

ସ
(𝑎ଶ + 𝑏ଶ) 

𝜋𝑎𝑏

4
(𝑎ଶ + 𝑏ଶ)  

 

 

Question 4: Evaluate ∬
ோ

𝑥ଶ𝑑𝐴 where R is region in first quadrant bounded by 

hyperbola 𝑥𝑦 = 16 and lines 𝑦 = 𝑥, 𝑥 = 4, 𝑥 = 8 

Solution: 

Step 1: Region: between 𝑦 = 𝑥 and 𝑦 = 16/𝑥, from 𝑥 = 4 to 𝑥 = 8. 

Step 2: Integral = ∫
଼

ସ
∫

ଵ଺/௫

௫
𝑥ଶ𝑑𝑦𝑑𝑥 

Inner integral: 𝑥ଶ[𝑦]௫
ଵ଺/௫

= 𝑥ଶ(
ଵ଺

௫
− 𝑥) = 16𝑥 − 𝑥ଷ 
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Step 3: ∫
଼

ସ
(16𝑥 − 𝑥ଷ)𝑑𝑥 = [8𝑥ଶ −

௫ర

ସ
]ସ

଼ 

At 𝑥 = 8: 8 ⋅ 64 −
ସ଴ଽ଺

ସ
= 512 − 1024 = −512 

At 𝑥 = 4: 8 ⋅ 16 −
ଶହ଺

ସ
= 128 − 64 = 64 

Difference: −512 − 64 = −576 

Wait, check: Actually ∫ (16𝑥 − 𝑥ଷ)𝑑𝑥 = 8𝑥ଶ − 𝑥ସ/4 

At 8: 8 ⋅ 64 − 4096/4 = 512 − 1024 = −512 
At 4: 128 − 256/4 = 128 − 64 = 64 
So −512 − 64 = −576 
 

 

Question 5: Evaluate ∬
ோ

𝑟√𝑎ଶ − 𝑟ଶ𝑑𝑟𝑑𝜃 over the upper half of the circle 𝑟 =

𝑎cos 𝜃

 

Solution: 

Step 1: Region: 0 ≤ 𝑟 ≤ 𝑎cos 𝜃, 0 ≤ 𝜃 ≤ 𝜋/2 (upper half). 

Step 2: Integral = ∫
గ/ଶ

଴
∫

௔ୡ୭ୱ ఏ

଴
𝑟√𝑎ଶ − 𝑟ଶ𝑑𝑟𝑑𝜃 

Step 3: Inner integral: Let 𝑢 = 𝑎ଶ − 𝑟ଶ, 𝑑𝑢 = −2𝑟𝑑𝑟: 

න
௔ୡ୭ୱ ఏ

଴

𝑟ඥ𝑎ଶ − 𝑟ଶ𝑑𝑟 = −
1

2
න

௔మି௔మୡ୭ୱ మ ఏ

௔మ

𝑢ଵ/ଶ𝑑𝑢 

=
1

2
න

௔మ

௔మୱ୧୬ మ ఏ

𝑢ଵ/ଶ𝑑𝑢 =
1

2
[
2

3
𝑢ଷ/ଶ]௔మୱ୧୬ మ ఏ

௔మ
 

=
1

3
(𝑎ଷ − 𝑎ଷ ∣ sin ଷ 𝜃 ∣) =

𝑎ଷ

3
(1 − sin ଷ 𝜃) 

 

Step 4: Outer integral: 

𝑎ଷ

3
න

గ/ଶ

଴

(1 − sin ଷ 𝜃)𝑑𝜃 

න
గ/ଶ

଴

1𝑑𝜃 =
𝜋

2
 

න
గ/ଶ

଴

sin ଷ 𝜃𝑑𝜃 =
2

3
(since ∫ sin ଷ 𝜃𝑑𝜃 = −cos 𝜃 +

cos ଷ 𝜃

3
, from 0 to 𝜋/2

= 0 − (−1 + 1/3) = 2/3) 
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So = 
௔య

ଷ
(

గ

ଶ
−

ଶ

ଷ
) 

𝑎ଷ

3
(
𝜋

2
−

2

3
)  

 

 

Question 6: Find the volume of prism where base is triangle in XY plane bounded 
by y-axis, 𝑦 = 𝑥 and 𝑦 = 1 and whose top lies in the plane 𝑧 = 2 − 𝑥 − 𝑦. 

 

Solution: 

Step 1: Base region: 0 ≤ 𝑥 ≤ 1, 𝑥 ≤ 𝑦 ≤ 1. 

Step 2: Volume = ∬
ோ

(2 − 𝑥 − 𝑦)𝑑𝐴 

= න
ଵ

଴

න
ଵ

௫

(2 − 𝑥 − 𝑦)𝑑𝑦𝑑𝑥 

 

Step 3: Inner integral: 

න
ଵ

௫

(2 − 𝑥 − 𝑦)𝑑𝑦 = [(2 − 𝑥)𝑦 −
𝑦ଶ

2
]௫

ଵ  

 

At y=1: (2 − 𝑥) −
ଵ

ଶ
=

ଷ

ଶ
− 𝑥 

At y=x: (2 − 𝑥)𝑥 −
௫మ

ଶ
= 2𝑥 − 𝑥ଶ −

௫మ

ଶ
= 2𝑥 −

ଷ௫మ

ଶ
 

Difference: 
ଷ

ଶ
− 𝑥 − (2𝑥 −

ଷ௫మ

ଶ
) =

ଷ

ଶ
− 3𝑥 +

ଷ௫మ

ଶ
 

Step 4: Outer integral: 

඲ (
3

2
− 3𝑥 +

3𝑥ଶ

2
)

ଵ

଴

𝑑𝑥 = [
3𝑥

2
−

3𝑥ଶ

2
+

𝑥ଷ

2
]଴

ଵ =
3

2
−

3

2
+

1

2
=

1

2
 

1

2
 

 

 

Question 7: A thin plate covers the triangular region bounded by x-axis and 
line 𝑥 = 1 and 𝑦 = 2𝑥 in the first octant. The plate density at point (x,y) 
is 𝜌(𝑥, 𝑦) = 6𝑥 + 6𝑦 + 6. Find the plate mass, first moments and center of mass 
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about the coordinate axis. 
 

Solution: 

Step 1: Region: 0 ≤ 𝑥 ≤ 1,0 ≤ 𝑦 ≤ 2𝑥. 

Step 2: Mass 𝑀 = ∬
ோ

𝜌(𝑥, 𝑦)𝑑𝐴 = ∫
ଵ

଴
∫

ଶ௫

଴
(6𝑥 + 6𝑦 + 6)𝑑𝑦𝑑𝑥 

Inner: ∫
ଶ௫

଴
(6𝑥 + 6𝑦 + 6)𝑑𝑦 = [6𝑥𝑦 + 3𝑦ଶ + 6𝑦]଴

ଶ௫ = 12𝑥ଶ + 12𝑥ଶ + 12𝑥 =

24𝑥ଶ + 12𝑥 

Outer: ∫
ଵ

଴
(24𝑥ଶ + 12𝑥)𝑑𝑥 = [8𝑥ଷ + 6𝑥ଶ]଴

ଵ = 8 + 6 = 14 

So 𝑀 = 14 

Step 3: First moment about y-axis 𝑀௬ = ∬
ோ

𝑥𝜌𝑑𝐴 = ∫
ଵ

଴
∫

ଶ௫

଴
𝑥(6𝑥 + 6𝑦 +

6)𝑑𝑦𝑑𝑥 

Inner: ∫
ଶ௫

଴
(6𝑥ଶ + 6𝑥𝑦 + 6𝑥)𝑑𝑦 = [6𝑥ଶ𝑦 + 3𝑥𝑦ଶ + 6𝑥𝑦]଴

ଶ௫ = 12𝑥ଷ + 12𝑥ଷ +

12𝑥ଶ = 24𝑥ଷ + 12𝑥ଶ 

Outer: ∫
ଵ

଴
(24𝑥ଷ + 12𝑥ଶ)𝑑𝑥 = [6𝑥ସ + 4𝑥ଷ]଴

ଵ = 6 + 4 = 10 

So 𝑀௬ = 10 

Step 4: First moment about x-axis 𝑀௫ = ∬
ோ

𝑦𝜌𝑑𝐴 = ∫
ଵ

଴
∫

ଶ௫

଴
𝑦(6𝑥 + 6𝑦 +

6)𝑑𝑦𝑑𝑥 

Inner: ∫
ଶ௫

଴
(6𝑥𝑦 + 6𝑦ଶ + 6𝑦)𝑑𝑦 = [3𝑥𝑦ଶ + 2𝑦ଷ + 3𝑦ଶ]଴

ଶ௫ = 12𝑥ଷ + 16𝑥ଷ +

12𝑥ଶ = 28𝑥ଷ + 12𝑥ଶ 

Outer: ∫
ଵ

଴
(28𝑥ଷ + 12𝑥ଶ)𝑑𝑥 = [7𝑥ସ + 4𝑥ଷ]଴

ଵ = 7 + 4 = 11 

So 𝑀௫ = 11 

Step 5: Center of mass 𝑥̄ = 𝑀௬/𝑀 = 10/14 = 5/7, 𝑦̄ = 𝑀௫/𝑀 = 11/14 

𝑀 = 14, 𝑀௬ = 10, 

𝑀௫ = 11, 𝑥̄ =
5

7
, 

𝑦̄ =
11

14

 

 
 

 


