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Assignment – 14 

Topic: Multiple Integration 

(Disclaimer: The purpose of these AI-generated responses is just education and reference. Utilise them to grasp topics and structure, but 
always rewrite in your own words and double-check the content before submitting. Academic misuse is not the creator's fault.) 

 

Question 1: Derive relation between Cartesian coordinate and spherical coordinate 
and cylindrical coordinate. 

 

Solution: 

Cylindrical coordinates: 

𝑥 = 𝑟cos 𝜃, 𝑦 = 𝑟sin 𝜃, 𝑧 = 𝑧 

൤
𝑥 = rcos 𝜃 , 𝑦 = rsin 𝜃 , 𝑧

= 𝑧
൨ 

 

Spherical coordinates: 

𝑥 = 𝜌sin 𝜙cos 𝜃, 𝑦 = 𝜌sin 𝜙sin 𝜃, 𝑧 = 𝜌cos 𝜙 
𝑥 = 𝜌 sin 𝜙 cos 𝜃 , 𝑦 = 𝜌 sin 𝜙 sin 𝜃 , 𝑧

= 𝜌cos 𝜙
 

 

 

Question 2: Evaluate following triple integrals
 

(1) ∫
ଵ

଴
∫

√ଵି௫మ

଴
∫

ඥଵି௫మି௬మ

଴

ௗ௭ௗ௬ௗ௫

ඥଵି௫మି௬మି௭మ
 

Step 1: Region: unit octant (first octant of sphere radius 1). 

Step 2: Use spherical: 𝑥 = 𝜌sin 𝜙cos 𝜃, 𝑦 = 𝜌sin 𝜙sin 𝜃, 𝑧 = 𝜌cos 𝜙, 0 ≤ 𝜌 ≤

1, 0 ≤ 𝜙 ≤ 𝜋/2, 0 ≤ 𝜃 ≤ 𝜋/2, Jacobian = 𝜌ଶsin 𝜙. 

Step 3: Integrand: 
ଵ

ඥଵିఘమ
 

Integral = ∫
గ/ଶ

଴
∫

గ/ଶ

଴
∫

ଵ

଴

ଵ

ඥଵିఘమ
⋅ 𝜌ଶsin 𝜙𝑑𝜌𝑑𝜙𝑑𝜃 

Step 4: Separate: 

(න
గ/ଶ

଴

𝑑𝜃)(න
గ/ଶ

଴

sin 𝜙𝑑𝜙)(න
ଵ

଴

𝜌ଶ

ඥ1 − 𝜌ଶ
𝑑𝜌) 
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=
𝜋

2
⋅ [−cos 𝜙]଴

గ/ଶ
⋅ න

ଵ

଴

𝜌ଶ

ඥ1 − 𝜌ଶ
𝑑𝜌 

=
𝜋

2
⋅ (0 − (−1)) ⋅ න

ଵ

଴

𝜌ଶ

ඥ1 − 𝜌ଶ
𝑑𝜌 =

𝜋

2
⋅ න

ଵ

଴

𝜌ଶ

ඥ1 − 𝜌ଶ
𝑑𝜌 

 

Step 5: Let 𝜌 = sin 𝑡, 𝑑𝜌 = cos 𝑡𝑑𝑡, 0 ≤ 𝑡 ≤ 𝜋/2: 

∫
sin ଶ 𝑡

cos 𝑡
⋅ cos 𝑡𝑑𝑡 = ∫ sin ଶ 𝑡𝑑𝑡 = ∫

1 − cos 2𝑡

2
𝑑𝑡 =

𝑡

2
−

sin 2𝑡

4
 

 

Evaluate 0 to π/2: 
గ

ସ
− 0 =

గ

ସ
 

So integral = 
గ

ଶ
⋅

గ

ସ
=

గమ

଼
 

𝜋ଶ

8
 

 

 

(2)  

න

గ
ଶ

ఏୀ଴

න
௔ୱ୧୬ ఏ

௥ୀ଴

න

௔మି௥మ

௔

௭ୀ଴

𝑟𝑑𝑧𝑑𝑟𝑑𝜃 

 

Solution: 

Step 1: Evaluate the innermost integral with respect to 𝑧: 

න

௔మି௥మ

௔

଴

𝑑𝑧 =
𝑎ଶ − 𝑟ଶ

𝑎
 

 

Step 2: Substitute back: 

න

గ
ଶ

଴

න
௔ୱ୧  ఏ

଴

𝑟 ⋅
𝑎ଶ − 𝑟ଶ

𝑎
𝑑𝑟𝑑𝜃 =

1

𝑎
න

గ
ଶ

଴

න
௔ୱ୧୬ ఏ

଴

(𝑎ଶ𝑟 − 𝑟ଷ)𝑑𝑟𝑑𝜃 

 

Step 3: Evaluate the inner integral with respect to 𝑟: 

න
௔ୱ୧୬ ఏ

଴

(𝑎ଶ𝑟 − 𝑟ଷ)𝑑𝑟 = [
𝑎ଶ𝑟ଶ

2
−

𝑟ସ

4
]଴

௔ୱ  ఏ 
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=
𝑎ସsin ଶ 𝜃

2
−

𝑎ସsin ସ 𝜃

4
=

𝑎ସ

4
(2sin ଶ 𝜃 − sin ସ 𝜃) 

 

Step 4: Substitute back: 

1

𝑎
න

గ
ଶ

଴

𝑎ସ

4
(2sin ଶ 𝜃 − sin ସ 𝜃)𝑑𝜃 =

𝑎ଷ

4
න

గ
ଶ

଴

(2sin ଶ 𝜃 − sin ସ 𝜃)𝑑𝜃 

 

Step 5: Evaluate the trigonometric integrals: 

න

గ
ଶ

଴

sin ଶ 𝜃𝑑𝜃 =
𝜋

4
, න

గ
ଶ

଴

sin ସ 𝜃𝑑𝜃 =
3𝜋

16
 

න

గ
ଶ

଴

(2sin ଶ 𝜃 − sin ସ 𝜃)𝑑𝜃 = 2 ⋅
𝜋

4
−

3𝜋

16
=

𝜋

2
−

3𝜋

16
=

8𝜋 − 3𝜋

16
=

5𝜋

16
 

 

Step 6: Multiply: 

𝑎ଷ

4
⋅

5𝜋

16
=

5𝜋𝑎ଷ

64
 

 

Final Answer: 

5𝜋𝑎ଷ

64
 

 

 

Question 3: Evaluate ∭
஽

ௗ௏

(௫మା௬మା௭మ)య/మ
 where D is the region bounded by the 

spheres 𝑥ଶ + 𝑦ଶ + 𝑧ଶ = 𝑎ଶ and 𝑥ଶ + 𝑦ଶ + 𝑧ଶ = 𝑏ଶ with 0 < 𝑎 < 𝑏. 
 

Solution: 

Step 1: Use spherical: 𝜌 from a to b, 0 ≤ 𝜙 ≤ 𝜋, 0 ≤ 𝜃 ≤ 2𝜋, Jacobian 
= 𝜌ଶsin 𝜙. 

Step 2: Integrand: 
ଵ

ఘయ
 

Integral = ∫
ଶగ

଴
∫

గ

଴
∫

௕

௔

ଵ

ఘయ
⋅ 𝜌ଶsin 𝜙𝑑𝜌𝑑𝜙𝑑𝜃 

= න
ଶగ

଴

𝑑𝜃 න
గ

଴

sin 𝜙𝑑𝜙 න
௕

௔

1

𝜌
𝑑𝜌 
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Step 3: ∫
ଶగ

଴
𝑑𝜃 = 2𝜋, ∫

గ

଴
sin 𝜙𝑑𝜙 = 2, ∫

௕

௔

ଵ

ఘ
𝑑𝜌 = ln (𝑏/𝑎) 

So = 2𝜋 ⋅ 2 ⋅ ln (𝑏/𝑎) = 4𝜋ln (𝑏/𝑎) 

4𝜋ln (
𝑏

𝑎
)  

 

 

Question 4: Find the volume of the region B bounded by paraboloid 𝑧 = 4 − 𝑥ଶ −

𝑦ଶ and XY plane. 
 

Solution: 

Step 1: In XY plane, 𝑧 = 0 ⇒ 4 − 𝑥ଶ − 𝑦ଶ = 0 ⇒ 𝑥ଶ + 𝑦ଶ = 4 (circle radius 2). 

Step 2: Volume = ∬
௫మା௬మஸସ

(4 − 𝑥ଶ − 𝑦ଶ)𝑑𝐴 

Step 3: Use polar: 0 ≤ 𝑟 ≤ 2, 0 ≤ 𝜃 ≤ 2𝜋: 

Volume = ∫
ଶగ

଴
∫

ଶ

଴
(4 − 𝑟ଶ) ⋅ 𝑟𝑑𝑟𝑑𝜃 

Step 4: Inner: ∫
ଶ

଴
(4𝑟 − 𝑟ଷ)𝑑𝑟 = [2𝑟ଶ −

௥ర

ସ
]଴

ଶ = 8 − 4 = 4 

Outer: ∫
ଶగ

଴
4𝑑𝜃 = 8𝜋 

8𝜋  
 

 

Question 5: Evaluate ∭
஻

ඥ𝑥ଶ + 𝑦ଶ + 𝑧ଶ𝑑𝑉 where B is the region bounded by 

the plane 𝑧 = 3 and the cone 𝑧 = ඥ𝑥ଶ + 𝑦ଶ. 

 

Solution: 

Step 1: Region: between cone and plane z=3. In cylindrical: 0 ≤ 𝑧 ≤ 3, 0 ≤ 𝑟 ≤

𝑧, 0 ≤ 𝜃 ≤ 2𝜋. 

Step 2: Integrand ඥ𝑥ଶ + 𝑦ଶ + 𝑧ଶ = √𝑟ଶ + 𝑧ଶ, Jacobian = r. 

Integral = ∫
ଶగ

଴
∫

ଷ

଴
∫

௭

଴
√𝑟ଶ + 𝑧ଶ ⋅ 𝑟𝑑𝑟𝑑𝑧𝑑𝜃 
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Step 3: Inner: Let 𝑢 = 𝑟ଶ + 𝑧ଶ, 𝑑𝑢 = 2𝑟𝑑𝑟, limits: 𝑟 = 0 ⇒ 𝑢 = 𝑧ଶ, 𝑟 = 𝑧 ⇒ 𝑢 =

2𝑧ଶ: 

න
௭

଴

𝑟ඥ𝑟ଶ + 𝑧ଶ𝑑𝑟 =
1

2
න

ଶ௭మ

௭మ

𝑢ଵ/ଶ𝑑𝑢 =
1

2
⋅

2

3
[𝑢ଷ/ଶ]௭మ

ଶ௭మ
=

1

3
((2𝑧ଶ)ଷ/ଶ − (𝑧ଶ)ଷ/ଶ) 

=
1

3
(2√2𝑧ଷ − 𝑧ଷ) =

𝑧ଷ

3
(2√2 − 1) 

 

Step 4: Middle: ∫
ଷ

଴

௭య

ଷ
(2√2 − 1)𝑑𝑧 =

ଶ√ଶିଵ

ଷ
⋅

௭ర

ସ
∣଴
ଷ=

ଶ√ଶିଵ

ଷ
⋅

଼ଵ

ସ
=

ଶ଻(ଶ√ଶିଵ)

ସ
 

Step 5: Outer: ∫
ଶగ

଴
𝑑𝜃 = 2𝜋 

So = 2𝜋 ⋅
ଶ଻(ଶ√ଶିଵ)

ସ
=

ଶ଻గ

ଶ
(2√2 − 1) 

27𝜋

2
(2√2 − 1)  

 

 

Question 6: Find the volume of “ice cream cone” cut from the solid sphere 𝜌 ≤

1 by the cone 𝜙 =
గ

ଷ
. 

 

Solution: 

Step 1: Spherical coordinates: 0 ≤ 𝜌 ≤ 1, 0 ≤ 𝜙 ≤ 𝜋/3, 0 ≤ 𝜃 ≤ 2𝜋, Jacobian 
= 𝜌ଶsin 𝜙. 

Step 2: Volume = ∫
ଶగ

଴
∫

గ/ଷ

଴
∫

ଵ

଴
𝜌ଶsin 𝜙𝑑𝜌𝑑𝜙𝑑𝜃 

Step 3: Inner: ∫
ଵ

଴
𝜌ଶ𝑑𝜌 =

ଵ

ଷ
 

Middle: ∫
గ/ଷ

଴
sin 𝜙𝑑𝜙 = [−cos 𝜙]଴

గ/ଷ
= −

ଵ

ଶ
+ 1 =

ଵ

ଶ
 

Outer: ∫
ଶగ

଴
𝑑𝜃 = 2𝜋 

So = 2𝜋 ⋅
ଵ

ଶ
⋅

ଵ

ଷ
=

గ

ଷ
 

𝜋

3
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Question 7: Show that the volume of sphere of radius 𝑟 is 
ସ

ଷ
𝜋𝑟ଷ by using (i) single 

integral (ii) double integral (iii) triple integral
 

Solution: 

(i) Single integral (disk method): 

Volume = ∫
௥

ି௥
𝜋[√𝑟ଶ − 𝑥ଶ]ଶ𝑑𝑥 = 𝜋 ∫

௥

ି௥
(𝑟ଶ − 𝑥ଶ)𝑑𝑥 

= 𝜋[𝑟ଶ𝑥 −
𝑥ଷ

3
]ି௥

௥ = 𝜋(2𝑟ଷ −
2𝑟ଷ

3
) =

4𝜋𝑟ଷ

3
 

 

(ii) Double integral (surface area): 
Surface area 𝐴 = 4𝜋𝑟ଶ, but for volume via double integral in cylindrical: 

Volume = ∫
ଶగ

଴
∫

௥

଴
ඥ𝑟ଶ − 𝜌ଶ ⋅ 𝜌𝑑𝜌𝑑𝜃 

Let 𝑢 = 𝑟ଶ − 𝜌ଶ, 𝑑𝑢 = −2𝜌𝑑𝜌: 

Inner = −
ଵ

ଶ
∫

଴

௥మ 𝑢ଵ/ଶ𝑑𝑢 =
ଵ

ଶ
⋅

ଶ

ଷ
[𝑢ଷ/ଶ]଴

௥మ
=

ଵ

ଷ
𝑟ଷ 

Outer = ∫
ଶగ

଴
𝑑𝜃 = 2𝜋 

So = 2𝜋 ⋅
ଵ

ଷ
𝑟ଷ =

ଶగ௥య

ଷ
 — this is half? Actually this gives volume of hemisphere. So 

full volume = 2 ⋅
ଶగ௥య

ଷ
=

ସగ௥య

ଷ
. 

(iii) Triple integral (spherical): 

Volume = ∫
ଶగ

଴
∫

గ

଴
∫

௥

଴
𝜌ଶsin 𝜙𝑑𝜌𝑑𝜙𝑑𝜃 

= (න
ଶగ

଴

𝑑𝜃)(න
గ

଴

sin 𝜙𝑑𝜙)(න
௥

଴

𝜌ଶ𝑑𝜌) 

= 2𝜋 ⋅ 2 ⋅
𝑟ଷ

3
=

4𝜋𝑟ଷ

3
 

4𝜋𝑟ଷ

3
 

 
 

 

*************** 

 

 


