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Assignment — 14

Topic: Multiple Integration

(Disclaimer: The purpose of these Al-generated responses is just education and reference. Utilise them to grasp topics and structure, but
always rewrite in your own words and double-check the content before submitting. Academic misuse is not the creator's fault.)

Question 1: Derive relation between Cartesian coordinate and spherical coordinate
and cylindrical coordinate.

Solution:
Cylindrical coordinates:

x =rcos 0,y =rsin 6,z =z

[x=rcos@,y=rsin9,z]
=z

Spherical coordinates:

x = psin ¢cos 0,y = psin ¢sin 6,z = pcos ¢

x =psingcosf,y =psingsinb, z
= pcos ¢

Question 2: Evaluate following triple integrals

1 V1-x2 J1-x2-y2 dzdydx
mf h Jo N

Step 1: Region: unit octant (first octant of sphere radius 1).

Step 2: Use spherical: x = psin ¢cos 08,y = psin ¢sin 8,z = pcos ¢, 0 < p <
1,0< ¢ <m/2,0<6 <m/2,Jacobian = p?sin ¢.

1
—p2

Step 3: Integrand:

1

1

Integral = [/* [* [} == p?sin ¢dpdepdo

0 0 1-p2

;

Step 4: Separate:

/2 /2 . 1 pZ
(fo de)(fo sm¢d¢>(f0 Nl
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= g [—cos ¢]5/* - 01 1p_2 p dp
1 2 1 2
=g.(o—(—1)) : 1p_p2dp—g-fo 1p_p2dp
Step 5: Let p =sin t,dp = cos tdt, 0 <t < m/2:
| s(i:I(:Sztt -cos tdt = [sin?tdt = [ 1ocosat CZOS tht = % — sin42t

Evaluate 0 to n/2: % —0= %

2

So integral = % .

SN

=

2

% asin 6 a
f J f rdzdrdf
0=0 r=0 z=0

Solution:

Step 1: Evaluate the innermost integral with respect to z:

Step 2: Substitute back:

% asi 0 az _ T‘Z 1 % asin 6
J J r- drdf = —f f (a’r —r®)drdf
0 0 a alo 0

Step 3: Evaluate the inner integral with respect to r:

2..2

ar

2 47

asin 6
f (a’r —r3)dr = |
0
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= — =—(2sin%?60 —sin*0)

2 4 4

Step 4: Substitute back:

1
a

Step 5: Evaluate the trigonometric integrals:

)

f (2sin?@ —sin*0)df =2 -— ——
0

v

sin20d = = F sin®6d = F
47, 16

e

T
2

4 16 2 16

Step 6: Multiply:

a® 5m 3 5ma3
4 16 64
Final Answer:
5ma’
64
Question 3: Evaluate [[] __a
. D (x2+y2+22)3/2

T 37T_7r 37r_87r—37r_57r

7 a @ (2
—J — (2sin26 —sin*0)do = —J (2sin20 — sin*0)do
o 4 4 Jo

16 16

where D is the region bounded by the

spheres x% + y? 4+ z% = a? and x* + y? + z?> = b? with 0 < a < b.

Solution:

Step 1: Use spherical: p fromatob, 0 < ¢ <m, 0 < 6 < 2m, Jacobian

= p?sin ¢.

1
Step 2: Integrand: =

Integral = [ [7 [7 % p2sin pdpdpde

2T 3 b 1
=f def sin qbdqbf —dp
0 0 a P
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Step 3: fozn do = 2m, fon sin ¢pd¢p = 2, ff %dp =1n (b/a)

So=2m-2-In(b/a) = 4nln (b/a)

4l b
min ()

Question 4: Find the volume of the region B bounded by paraboloid z = 4 — x? —
y? and XY plane.

Solution:

Step 1: In XY plane, z = 0 = 4 — x? — y? = 0 = x? 4+ y? = 4 (circle radius 2).
Step 2: Volume = ffx2+y254 (4 —x%—y?)dA

Step 3: Usepolar: 0 <r <2,0 <6 < 2m:

21

Volume = [

) foz (4 —7?%)-rdrdf

4
Step 4: Inner: [ (47 —r¥)dr = [2r2 -T2 =8 -4 =4
Outer: fozn 4d0 = 8m

Question 5: Evaluate [ff, /x* 4+ y? + z2dV where B is the region bounded by
the plane z = 3 and the cone z = \/x? + y?2.

Solution:

Step 1: Region: between cone and plane z=3. In cylindrical: 0 < z<3,0<r <
z,0< 0 < 2m.

Step 2: Integrand /x2 + y? + 22 = +r?2 + z2, Jacobian =r.
Integral = fozn f03 fOZ Vr? + z% - rdrdzdf
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Step 3: Inner: Letu = 12 + z2,du = 2rdr, limits: r =0 u=z4,r=z=>u =
272
272

z 1
f rr? + z2dr = —f ul/2du =
0 2

z2

.

PR = 5 (@222 — ()

N| =
wl N

1 z3
= 5(2\/523 —-z%) = ?(2\/5 -1)

3 _ 4 — —
Step 4: Middle: fj ~(2V2-1)dz = Zf L Z 3= Nle . i_l — ZNZTM
Step 5: Outer: [,"  d6 = 2
So=2m - A = T (57 — 1)
27T
T(Z\/_ - 1)

Question 6: Find the volume of “ice cream cone” cut from the solid sphere p <
Vs

1 by the cone ¢ = 3
Solution:

Step 1: Spherical coordinates: 0 < p < 1,0 < ¢ <7 /3,0 < 8 < 2m, Jacobian
= p?sin ¢.

Step 2: Volume = fzn fn/?’ fol p?sin ¢pdpdpds

0 0
Step 3: Inner: fol pidp = %
Middle: ;" sin ¢d = [—cos ¢];/* = —3+1=1

Outer: fozn do = 2m

So=2m-

N |-
[SS

/4
3

wlH
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Question 7: Show that the volume of sphere of radius 7 is Srtr3 by using (i) single

integral (i) double integral (iii) triple integral

Solution:
(i) Single integral (disk method):
Volume = f_rr T[Vr2 — x?]%dx = nf_rr (r? — x*)dx

5 x3 , 5 213 4773
=T[[T X—?]_r=ﬂ(27' —T)= 3

(ii) Double integral (surface area):
Surface area A = 4mr?, but for volume via double integral in cylindrical:

Volume = fozn for J1r2 —p?- pdpdd

Letu = 1% — p?, du = —2pdp:

=10 azgy =L Anerpt =13
Inner = —~ J. u'?du i A
Outer = fozn dé = 2m
3
So =27 - §r3 =2 this is half? Actually this gives volume of hemisphere. So

2mr3 4mr3
full volume = 2 - =5

(iii) Triple integral (spherical):
Volume = fzn fon for p?sin ¢pdpdpdo

0

=(f02n d9>(jon sin ¢d¢)(for p*dp)

g r3  Anrd
= 21T pp—
3 3
413
3
skskskskskskskskskskskskskskk
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