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Subject Name & Code:
MATHEMATICS II- BEO2R00011

(Disclaimer: The purpose of these Al-generated responses is just education and reference. Utilise them to grasp topics and structure, but
always rewrite in your own words and double-check the content before submitting.)

Assignment — 3
1. State Cayley-Hamilton Theorem and Applications

Cayley-Hamilton Theorem:
Every square matrix satisfies its own characteristic equation. That is, if 4 is an n X n matrix and p(1) =
det (A — Al) is its characteristic polynomial, then p(4) = 0.

1 4

(a) Verify for A = [2 3

Given:

-0

2 3

Step 1: Characteristic polynomial

det(a-ay =" P =a-DE--8
=22-41+3-8=12-41-5

Sop(A) = A2 — 41— 5.

Step 2: Verify p(A) =0

71 411 4]_[1+8 4+121_[9 16
I sl=hie Shol=l

2 —
A‘2323 8 17

p(A) = A% — 44 — 51

9 16 1 4 10
=[8 17]‘4[2 3]‘5[0 1]
9 16] 4 16] _[5 0
_[8 17] [8 12] [o 5
_[0 0]
“lo o

Verified.

(b) Find A~ using Cayley-Hamilton
From A? — 4A — 51 = 0, multiply by A~

A—41—54"1=0
541 =A—4I

(A I | - Pl
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(c) Find A3
From A% = 44 + 51,

A3 =A-A% = A(4A + 51) = 4A% + 54
= 4(4A + 5I) + 54 = 164 + 201 + 54 = 214 + 201

=af, g+l Y=l 6

(d) Express A* — 743 + 114% — A — 101 as linear polynomial in A
From Cayley-Hamilton, A% = 44 + 5I.

Compute powers:
A3 =214 + 201
A*=A-A% = A(21A + 201) = 21A% + 204 = 21(4A + 51) + 204 = 84A + 105] + 204
= 1044 + 105/

Now substitute into expression:

A* = 7A% + 1142 — A — 101

= [1044 + 105I] — 7[21A + 20I] + 11[4A + 5I] — A — 101
1044 + 105] — 147A — 1401 + 444 + 551 — A — 101
(104 — 147 + 44 — 1)A + (105 — 140 + 55 — 10)]
=0-A+10I = 10]

Thus, the expression simplifies to 101, a constant (degree 0 polynomial in A).

Final for Q1:

e  Verified Cayley-Hamilton.

¢ A—1=%[—23 —41]
+ =l g

o A*—7A%+ 1142 - A— 101 = 101

2. Find A~! using Cayley-Hamilton theorem
a1 -1

0a=[, 3]

Step 1: Find characteristic polynomial

det (A — A =| 151 3‘_11|= (1-DB - +2
=12 —41+3+2=22-41+5
Sop(A) = 2% — 42 + 5.

Step 2: Apply Cayley-Hamilton theorem
A2 —4A+51=0
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Step 3: Solve for A™*
Multiply by A71:

A—41+547t=0
5A7t=41-A

ol
AT = (4= 4)

Step 4: Compute
w-a=[y JJ-[; 31=15 1

1
A= E[—32 ﬂ

Answer (i):
4_13 1
4 _5[—2 1]
211
(i)A=10 1 0]
11 2

Step 1: Characteristic polynomial

2—-2 1 1
det(A—AD) =] 0 1-2 0 |
1 1 2—2
Expand along second row:
2—-2 1
a-n1274

=1-D[E-H*-1]
=(1-D[A2—41+4—-1]
=(1-2)(A2 —41+3)
=(1-DHA-1D@A-3)
=—(A-1)2(1-3)

Sop(A) =—-(A2 =512 +71-13),ie.,

AB—-512471-3=0
Thus:

A3 —542+74-31=0

Step 2: Express for A™!
Multiply by A~ (note A is invertible since det # 0):

A?—5A+71-34"1'=0
3471 = A2 - 54+ 71

—1_1 2 _
AT =S (A = 5A+TD)

Step 3: Compute A2
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4+0+1 2+1+1 240+2 5 4 4
=/0+0+0 0+1+4+0 0+4+0+0 =[0 1 0]
24+0+2 1+1+2 1+0+4 4 4 5
Step 4: Compute A2 — 54 + 71
5 4 4 2 1 1 1 0 0
A2 —=54+7I=]0 1 0[-5/0 1 o[+7|0 1 O
4 4 5 1 1 2 0 0 1
10 5 5
First, 54=10 5 0
5 5 10
7 0 O
71=[0 7 0]
0o 0 7
Now:

5-10+7 4-540 4-5+40
A2—5A+71=[0—0+0 1-5+7 0-0+0
4—-54+0 4-540 5—-10+7

2 -1 -1
=10 3 0
-1 -1 2
Step 5: Multiply by %
2 -1 -1
Al==10 3 0
-1 -1 2
Answer (ii):
(2 -1 -1
A‘1—§ 0 3 0
-1 -1 2

Final answers for Q2:
Na-1_173 1
A= =3 [—2 1]
. 2 -1 -1
(ii)A‘1=§[0 3 0]
-1 -1 2

3. Find 43 without matrix multiplication

1 0 1
Given A = [1 -1 1]
0 1 o0

First, find characteristic polynomial:

det(A—AD=] 1 -1-1 1|

Expand along first row:
A-D[E1I-DEAH—-1]-04+1[1-1-0-(-1-2)]
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=A-DA+2-1]+1
SA-DR+A-1)+1

Compute: (1 —D)A?+21-1D)=2+21-1-2B-12+21=-13+21-1
Add 1: =23 + 22

Sop(A) = =23 + 24 = —A(12 — 2)

Thus A% — 24 = 0 = A% = 2A.

1 0 1 2 0 2
SoA3=2[1 -1 1 =[2 -2 2]
0o 1 o0 0o 2 0
Answer for Q3:
2 0 2
A3=|2 =2 2]
0o 2 0

4. Show that the following matrix is not diagonalizable

Given:
1 0 0
A=1]1 2 0]
-3 5 2

Step 1: Find eigenvalues

Matrix A is lower triangular.
For triangular matrices, the eigenvalues are the diagonal entries.

Thus:
M=11,=2,1;=2

So eigenvalues are 4 = 1 (algebraic multiplicity 1) and A = 2 (algebraic multiplicity 2).

Step 2: Find eigenvectors

e Forl=1:
Solve (A —I)v=0:

Row reduce:
R1 4 R2:

1 1 0
[ 0 o0 O]
-3 51
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Rs « Ry + 3Ry:
1 1 0
[0 0 O]
0 8 1
From R3: 8172 + VU3 = 0= VU3 = _8172
FromR1:v1+l72=0$v1=—v2

Letv, = t, then v, = —t, v; = —8¢t.

So eigenvector for A = 1:

-1
v, = ( 1 ) (or any scalar multiple)
-8

Dimension of eigenspace = 1 v/

e For 1 = 2 (multiplicity 2):
Solve (A — 2I)v = 0:

-1 0 0
A—21=[1 0 0]
-3 50

Row reduce:

FromR;: —v; =0=>v;, =0

From R,: v; = 0 (same)

FromR;: =3v; +5v, =0=>5v,=0=>v, =0

Thus v; =0, v, = 0, v; is free.

So eigenvectors are of the form:
0
v=|(0
t
That is, all eigenvectors for A = 2 are scalar multiples of

o

Dimension of eigenspace = 1.

Step 3: Diagonalizability check

A matrix is diagonalizable if and only if, for each eigenvalue, the geometric multiplicity (dimension of
eigenspace) equals its algebraic multiplicity.

Here:

e 1 = 1:algebraic multiplicity = 1, geometric multiplicity = 1 v/
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e ) = 2:algebraic multiplicity = 2, geometric multiplicity = 1 X

Since for A = 2 the geometric multiplicity (1) is less than the algebraic multiplicity (2), the matrix is not
diagonalizable.

Final Answer:

Matrix A is not diagonalizable because eigenvalue A = 2 has algebraic multiplicity 2 but geometric multiplicity l.|

5. Diagonalize given matrix and find A3

0 0 -2
Given A = [1 2 1 ]
1 0 3

Find eigenvalues:

-1 0 -2
det(A—-AD=] 1 2-21 1 |

1 0 3-21

Expand along first row:

“A2-DB -1 —-0]-0+(=2)[1-0—-1-(2-21)]

=-A[2-DHB-D]-2[0-(2-D]

=—2[A2—-51+6]+4-22

=3 +52 -61+4-21

=-A3+512-81+4

Setto zero: > — 542 + 81— 4 =0

Test A=1:1-5+8-4=0 = factor (1—1).

Divide: (A — 1)(A2 — 42+ 4) = (A — 1)(A — 2)?

Eigenvalues: A=1, A=2 (multiplicity 2).
Eigenvectors:
e TFori=1:Solve (A—Nv=0—getv; = (2,—1,—1)T

e ForA=2: Solve (A — 2I)v = 0 — get one eigenvector v, = (0,1,0)7, and generalized maybe, but for
diagonalization we need 2 independent eigenvectors for A=2.

Check rank of A — 21I:

-2 0 -2
A—21=[1 0 1]
1 0 1
2 0 1
ThusP=[—1 1 0 |, D = diag(1,2,2).
-1 0 -1

A = PD13p~1 = P . diag(1,213,213) . p~1.

Answer for Q5:
1 0 0
Diagonalizable, A¥* = P[0 8192 0 |P™L
0 0 8192
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6. Orthogonally diagonalize real symmetric matrix

GivenA=|-1 5 -1

3—11]
1 -1 3

Symmetric = orthogonally diagonalizable.

Find eigenvalues:
3-A 1 1
1 5-X 1
1 1 3-X

det(A — M) =

Compute:
Let’s find by solving: Trace=11, sum of principal minors = (3*5 -1) + (3*3-1) + (5*3-1) = 14+8+14=36,
det=?

Better to find A: Try A=2: det=
1 1 1
1 3 1| = 0 (rows 1and 3 same) = A=2 is eigenvalue.
1 1 1

Divide characteristic poly by (1—2): get A — 91 + 18 = (1 — 3)(1 — 6) = eigenvalues: 2,3,6.
Orthonormal eigenvectors:

For A=2: Solve (A — 2I)v = 0 = v; = (1,0,—1)7 normalize — % (1,0,-1)

For A=3: Solve (A — 3)v = 0 = v, = (1,1,1)T normalize — \[%(1,1,1)

or A=6: Solve (A — 6l)v = 0 > v3 = (1,—2,1)" normalize — — (1, -2,
For A=6: Solve (A — 61 0 1,-2,1)7 li L (1,-21

V6
N2 13 146
ThusQ=| 0 1/v3 —2/V6|, D = diag(2,3,6).
-1N2 13 1//6

Answer for Q6:
Diagonal matrix D = diag(2,3,6), orthogonal Q as above.
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