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Assignment – 5 

 

Question 1: Define Leibnitz’s linear differential equation and Bernoulli’s differential equation. 

Answer: 

 Leibnitz’s linear differential equation (or simply linear first-order ODE) is of the form 

𝑑𝑦

𝑑𝑥
+ 𝑃(𝑥)𝑦 = 𝑄(𝑥), 

 

where 𝑃(𝑥) and 𝑄(𝑥) are functions of 𝑥 alone. Its solution is obtained using an integrating factor 𝜇(𝑥) =

𝑒∫ ௉(௫)ௗ௫ . 

 Bernoulli’s differential equation is of the form 

𝑑𝑦

𝑑𝑥
+ 𝑃(𝑥)𝑦 = 𝑄(𝑥)𝑦௡ , 

 

where 𝑛 ≠ 0,1. It can be reduced to a linear equation by the substitution 𝑣 = 𝑦ଵି௡. 

 

Question 2: Solve (𝟏 + 𝒚𝟐)
𝒅𝒙

𝒅𝒚
= 𝐭𝐚𝐧 ି𝟏 𝒚 − 𝒙. 

Given: 

(1 + 𝑦ଶ)
𝑑𝑥

𝑑𝑦
= tan ିଵ 𝑦 − 𝑥. 

 

To Find: 𝑥(𝑦). 

Rewrite in standard linear form in 𝑥: 

𝑑𝑥

𝑑𝑦
+

𝑥

1 + 𝑦ଶ
=

tan ିଵ 𝑦

1 + 𝑦ଶ
. 

 

Here 𝑃(𝑦) =
ଵ

ଵା௬మ, 𝑄(𝑦) =
୲ୟ୬ షభ ௬

ଵା௬మ . 

Integrating factor: 

𝜇(𝑦) = 𝑒
∫

ଵ

ଵା௬మௗ௬
= 𝑒୲ୟ୬ షభ ௬. 

 

Multiply through: 
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𝑑

𝑑𝑦
൫𝑥𝑒୲ୟ୬ షభ ௬൯ =

tan ିଵ 𝑦

1 + 𝑦ଶ
𝑒୲ୟ୬ షభ ௬. 

 

Integrate w.r.t 𝑦: 

Let 𝑡 = tan ିଵ 𝑦   ⟹   𝑑𝑡 =
ௗ௬

ଵା௬మ. 

RHS becomes ∫ 𝑡𝑒௧𝑑𝑡. 

Using integration by parts: 

∫ 𝑡𝑒௧𝑑𝑡 = 𝑒௧(𝑡 − 1) + 𝐶. 
 

Thus: 

𝑥𝑒୲ୟ୬ షభ ௬ = 𝑒୲ୟ୬ షభ ௬(tan ିଵ 𝑦 − 1) + 𝐶. 

𝑥 = tan ିଵ 𝑦 − 1 + 𝐶𝑒ି୲ୟ୬ షభ ௬ . 
 

Final Answer: 

𝑥 = tan ିଵ 𝑦 − 1 + 𝐶𝑒ି୲  షభ ௬  

 

 

Question 3: Solve 
𝒅𝒙

𝒅𝒚
+ (𝐜𝐨𝐭 𝒚)𝒙 =

𝟏

𝐜𝐨𝐬 𝒚
. 

Given: 

𝑑𝑥

𝑑𝑦
+ 𝑥cot 𝑦 =

1

cos 𝑦
. 

 

To Find: 𝑥(𝑦). 

Integrating factor: 

𝜇(𝑦) = 𝑒∫ ୡ୭୲ ௬ௗௗ௬ = 𝑒 ୪୬ ∣ୱ୧୬ ௬∣ = sin 𝑦(for sin 𝑦 > 0). 
 

Multiply: 

𝑑

𝑑𝑦
(𝑥sin 𝑦) = sin 𝑦 ⋅

1

cos 𝑦
= tan 𝑦. 

 

Integrate: 

𝑥sin 𝑦 = ∫ tan 𝑦ௗ𝑑𝑦 = ln ∣ sec 𝑦 ∣ +𝐶. 
𝑥sin 𝑦 = ln ∣ sec 𝑦 ∣ +𝐶. 

 

Final Answer: 

𝑥sin 𝑦 = ln ∣ sec 𝑦 ∣ +𝐶  

 

 

Question 4: Solve 𝒚(𝒚 − 𝒙)𝒅𝒙 + 𝒙𝟐𝒅𝒚 = 𝟎 where 𝒚(𝟏) = 𝟒. 
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Given: 

𝑦(𝑦 − 𝑥)𝑑𝑥 + 𝑥ଶ𝑑𝑦 = 0. 
 

Rewrite as: 

𝑑𝑦

𝑑𝑥
=

−𝑦(𝑦 − 𝑥)

𝑥ଶ
=

𝑦𝑥 − 𝑦ଶ

𝑥ଶ
. 

 

Let 𝑦 = 𝑣𝑥   ⟹   
ௗ௬

ௗ௫
= 𝑣 + 𝑥

ௗ௩

ௗ௫
. 

Substitute: 

𝑣 + 𝑥
𝑑𝑣

𝑑𝑥
=

𝑣𝑥ଶ − 𝑣ଶ𝑥ଶ

𝑥ଶ
= 𝑣 − 𝑣ଶ. 

 

Thus: 

𝑥
𝑑𝑣

𝑑𝑥
= −𝑣ଶ. 

 

Separate: 

𝑑𝑣

𝑣ଶ
= −

𝑑𝑥

𝑥
. 

 

Integrate: 

−
1

𝑣
= −ln ∣ 𝑥 ∣ +𝐶ଵ   ⟹   

1

𝑣
= ln ∣ 𝑥 ∣ +𝐶. 

 

Back substitute 𝑣 = 𝑦/𝑥: 

𝑥

𝑦
= ln ∣ 𝑥 ∣ +𝐶. 

 

Use initial condition 𝑦(1) = 4: 

1

4
= ln 1 + 𝐶   ⟹   𝐶 =

1

4
. 

 

Thus: 

𝑥

𝑦
= ln ∣ 𝑥 ∣ +

1

4
   ⟹   𝑦 =

𝑥

ln ∣ 𝑥 ∣ +1/4
. 

 

Final Answer: 

𝑦 =
𝑥

ln ∣ 𝑥 ∣ +
1
4
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Question 5: Solve 
𝒅𝒚

𝒅𝒙
+

𝟏

𝒅𝒙
=

𝒆𝟐

𝒙𝟐. 

The given equation seems misprinted. Likely it is: 

𝑑𝑦

𝑑𝑥
+

1

𝑥
𝑦 =

𝑒ଶ

𝑥ଶ
. 

 

Assume this form. 

Integrating factor: 

𝜇(𝑥) = 𝑒∫
ଵ
௫

ௗ௫ = 𝑒୪୬ = 𝑥. 
 

Multiply: 

𝑥
𝑑𝑦

𝑑𝑥
+ 𝑦 =

𝑒ଶ

𝑥
. 

 

Left side is 
ௗ

ௗ௫
(𝑥𝑦). 

Thus: 

𝑑

𝑑𝑥
(𝑥𝑦) =

𝑒ଶ

𝑥
. 

 

Integrate: 

𝑥𝑦 = 𝑒ଶln ∣ 𝑥 ∣ +𝐶. 
 

Final Answer: 

𝑥𝑦 = 𝑒ଶln ∣ 𝑥 ∣ +𝐶  

 

 

Question 6: Solve 𝒓𝐜𝐨𝐬 𝜽 − 𝐬𝐢𝐧 𝜽
𝒅𝒓

𝒅𝜽
= 𝒓𝟐 given 𝒓 ቀ

𝝅

𝟐
ቁ = 𝟏. 

Given: 

𝑟cos 𝜃 − sin 𝜃
𝑑𝑟

𝑑𝜃
= 𝑟ଶ. 

Rewrite: 

−sin 𝜃
𝑑𝑟

𝑑𝜃
= 𝑟ଶ − 𝑟cos 𝜃. 

𝑑𝑟

𝑑𝜃
+

𝑟cos 𝜃

sin 𝜃
= −

𝑟ଶ

sin 𝜃
. 

This is Bernoulli form with 𝑛 = 2. 

Divide by 𝑟ଶ: 

1

𝑟ଶ

𝑑𝑟

𝑑𝜃
+

cos 𝜃

sin 𝜃
⋅

1

𝑟
= −

1

sin 𝜃
. 
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Let 𝑣 = 𝑟ିଵ   ⟹   
ௗ௩

ௗఏ
= −

ଵ

௥మ

ௗ௥

ௗఏ
. 

Then: 

−
𝑑𝑣

𝑑𝜃
+

cos 𝜃

sin 𝜃
𝑣 = −

1

sin 𝜃
. 

𝑑𝑣

𝑑𝜃
− cot 𝜃ௗ𝑣 = csc 𝜃. 

Linear in 𝑣. 

Integrating factor: 

𝜇(𝜃) = 𝑒ି∫ ୡ୭୲ ఏௗௗఏ = 𝑒ି୪୬ ∣ୱ୧୬ ఏ∣ =
1

sin 𝜃
. 

Multiply: 

𝑑

𝑑𝜃
ቀ

𝑣

sin 𝜃
ቁ = csc 𝜃 ⋅

1

sin 𝜃
= csc ଶ 𝜃. 

Integrate: 

𝑣

sin 𝜃
= −cot 𝜃 + 𝐶. 

Recall 𝑣 = 1/𝑟: 

1

𝑟sin 𝜃
= −cot 𝜃 + 𝐶. 

Use 𝑟(𝜋/2) = 1: 
At 𝜃 = 𝜋/2, sin 𝜃 = 1, cot 𝜃 = 0: 

1

1 ⋅ 1
= 0 + 𝐶   ⟹   𝐶 = 1. 

Thus: 

1

𝑟sin 𝜃
= 1 − cot 𝜃. 

𝑟sin 𝜃(1 − cot 𝜃) = 1. 

Simplify 1 − cot 𝜃 =
ୱ୧୬ ఏିୡ୭ୱ ఏ

ୱ୧୬ ఏ
: 

𝑟(sin 𝜃 − cos 𝜃) = 1. 

Final Answer: 

𝑟 =
1

sin 𝜃 − cos 𝜃
 

 

 

Question 7: Solve (𝟏 + 𝒙)
𝒅𝒚

𝒅𝒙
− 𝐭𝐚𝐧 𝒚 = (𝟏 + 𝒙)𝟐𝒆𝒙𝐬𝐞𝐜 𝒚. 

Given: 

(1 + 𝑥)
𝑑𝑦

𝑑𝑥
− tan 𝑦 = (1 + 𝑥)ଶ𝑒 ௫sec 𝑦. 

Divide by (1+𝑥): 
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𝑑𝑦

𝑑𝑥
−

tan 𝑦

1 + 𝑥
= (1 + 𝑥)𝑒௫sec 𝑦. 

This is Bernoulli-type in 𝑦, but easier via substitution 𝑧 = sin 𝑦. 

Better: multiply by cos 𝑦: 

(1 + 𝑥)cos 𝑦
𝑑𝑦

𝑑𝑥
− sin 𝑦 = (1 + 𝑥)ଶ𝑒௫ . 

Let 𝑧 = sin 𝑦   ⟹   
ௗ௭

ௗ௫
= cos 𝑦

ௗ௬

ௗ௫
. 

Then: 

(1 + 𝑥)
𝑑𝑧

𝑑𝑥
− 𝑧 = (1 + 𝑥)ଶ𝑒௫ . 

Divide by (1+𝑥): 

𝑑𝑧

𝑑𝑥
−

𝑧

1 + 𝑥
= (1 + 𝑥)𝑒௫ . 

Linear in 𝑧. 

Integrating factor: 

𝜇(𝑥) = 𝑒ି∫
ଵ

ଵା௫
ௗ௫ = 𝑒ି୪୬ ∣ଵା௫∣ =

1

1 + 𝑥
. 

Multiply: 

𝑑

𝑑𝑥
ቀ

𝑧

1 + 𝑥
ቁ = 𝑒௫ . 

Integrate: 

𝑧

1 + 𝑥
= 𝑒 ௫ + 𝐶. 

Back-substitute 𝑧 = sin 𝑦: 

sin 𝑦 = (1 + 𝑥)(𝑒௫ + 𝐶). 

Final Answer: 

sin 𝑦 = (1 + 𝑥)(𝑒௫ + 𝐶)  

 

Question 8: Solve 

൬
𝑑𝑦

𝑑𝑥
൰

ଶ

+
𝑑𝑦

𝑑𝑥
= 𝑒௬ . 

 

Step 1 — Let 𝑝 =
ௗ௬

ௗ௫
: 

𝑝ଶ + 𝑝 = 𝑒௬. 

 

Step 2 — Differentiate with respect to 𝑥: 
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𝑑

𝑑𝑥
(𝑝ଶ + 𝑝) =

𝑑

𝑑𝑥
(𝑒௬). 

Left: 

𝑑

𝑑𝑥
(𝑝ଶ) = 2𝑝

𝑑𝑝

𝑑𝑥
,

𝑑

𝑑𝑥
(𝑝) =

𝑑𝑝

𝑑𝑥
. 

So: 

(2𝑝 + 1)
𝑑𝑝

𝑑𝑥
= 𝑒௬

𝑑𝑦

𝑑𝑥
= 𝑒௬𝑝. 

 

Step 3 — Substitute 𝑒௬ = 𝑝ଶ + 𝑝 from original equation: 

(2𝑝 + 1)
𝑑𝑝

𝑑𝑥
= 𝑝(𝑝ଶ + 𝑝). 

(2𝑝 + 1)
𝑑𝑝

𝑑𝑥
= 𝑝ଶ(𝑝 + 1). 

 

Step 4 — Separate variables: 

2𝑝 + 1

𝑝ଶ(𝑝 + 1)
ௗ𝑑𝑝 = 𝑑𝑥. 

 

Step 5 — Partial fraction decomposition: 
Let 

2𝑝 + 1

𝑝ଶ(𝑝 + 1)
=

𝐴

𝑝
+

𝐵

𝑝ଶ
+

𝐶

𝑝 + 1
. 

Multiply through by 𝑝ଶ(𝑝 + 1): 

2𝑝 + 1 = 𝐴𝑝(𝑝 + 1) + 𝐵(𝑝 + 1) + 𝐶𝑝ଶ. 

Expand: 

2𝑝 + 1 = 𝐴(𝑝ଶ + 𝑝) + 𝐵𝑝 + 𝐵 + 𝐶𝑝ଶ. 
2𝑝 + 1 = (𝐴 + 𝐶)𝑝ଶ + (𝐴 + 𝐵)𝑝 + 𝐵. 

Compare coefficients: 

1. 𝑝ଶ: 𝐴 + 𝐶 = 0 

2. 𝑝ଵ: 𝐴 + 𝐵 = 2 

3. 𝑝଴: 𝐵 = 1 

From 𝐵 = 1, 𝐴 + 1 = 2 ⇒ 𝐴 = 1. 
Then 𝐴 + 𝐶 = 0 ⇒ 𝐶 = −1. 

So: 

2𝑝 + 1

𝑝ଶ(𝑝 + 1)
=

1

𝑝
+

1

𝑝ଶ
−

1

𝑝 + 1
. 

 

Step 6 — Integrate: 
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∫ ൬
1

𝑝
+

1

𝑝ଶ
−

1

𝑝 + 1
൰ 𝑑𝑝 = ∫ 𝑑𝑥. 

ln ∣ 𝑝 ∣ −
1

𝑝
− ln ∣ 𝑝 + 1 ∣= 𝑥 + 𝐶ଵ. 

ln ∣
𝑝

𝑝 + 1
∣ −

1

𝑝
= 𝑥 + 𝐶ଵ. 

 

Step 7 — Relate 𝑝 and 𝑦 using 𝑝ଶ + 𝑝 = 𝑒௬: 

From 𝑝ଶ + 𝑝 − 𝑒௬ = 0, solving for 𝑝: 

𝑝 =
−1 ± √1 + 4𝑒௬

2
. 

Also 
௣

௣ାଵ
=

௣

௘೤/௣
=

௣మ

௘೤ (using 𝑝 + 1 = 𝑒௬/𝑝 from 𝑝ଶ + 𝑝 = 𝑒௬ ⇒ 𝑝(𝑝 + 1) = 𝑒௬, so 𝑝 + 1 = 𝑒௬/𝑝). 

Actually easier: from 𝑝ଶ + 𝑝 = 𝑒௬, we have 𝑝 + 1 = 𝑒௬/𝑝, so 

𝑝

𝑝 + 1
=

𝑝

𝑒௬/𝑝
=

𝑝ଶ

𝑒௬
. 

Then: 

ln ቆ
𝑝ଶ

𝑒௬ቇ −
1

𝑝
= 𝑥 + 𝐶ଵ. 

ln (𝑝ଶ) − 𝑦 −
1

𝑝
= 𝑥 + 𝐶ଵ. 

2ln ∣ 𝑝 ∣ −𝑦 −
1

𝑝
= 𝑥 + 𝐶ଵ. 

But 𝑝ଶ + 𝑝 = 𝑒௬ ⇒ 𝑦 = ln (𝑝ଶ + 𝑝). 

Substitute 𝑦 = ln (𝑝(𝑝 + 1)): 

2ln ∣ 𝑝 ∣ −ln (𝑝(𝑝 + 1)) −
1

𝑝
= 𝑥 + 𝐶ଵ. 

2ln ∣ 𝑝 ∣ −ln 𝑝 − ln ∣ 𝑝 + 1 ∣ −
1

𝑝
= 𝑥 + 𝐶ଵ. 

ln ∣ 𝑝 ∣ −ln ∣ 𝑝 + 1 ∣ −
1

𝑝
= 𝑥 + 𝐶ଵ. 

This matches earlier equation exactly (consistent). So one form of the solution is the relation 
between 𝑝 and 𝑥: 

ln ∣
𝑝

𝑝 + 1
∣ −

1

𝑝
= 𝑥 + 𝐶. 

And 𝑦 is given by 𝑦 = ln (𝑝ଶ + 𝑝), or 𝑒௬ = 𝑝ଶ + 𝑝. 

 

Step 8 — General solution in parametric form (𝑝 as parameter): 

ቐ
𝑥 = ln ∣

𝑝

𝑝 + 1
∣ −

1

𝑝
+ 𝐶,

𝑦 = ln (𝑝ଶ + 𝑝).
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Final Answer: 

𝑥 = ln ∣
𝑝

𝑝 + 1
∣ −

1

𝑝
+ 𝐶, 𝑦 = ln (𝑝ଶ + 𝑝)  

 

 

Question 9: Solve 𝒑 = 𝐭𝐚𝐧 ቀ𝒙−
𝒑

𝟏ା𝒑𝟐ቁ. 

Given: 

𝑝 = tan ൬𝑥−
𝑝

1 + 𝑝ଶ൰ , 𝑝 =
𝑑𝑦

𝑑𝑥
. 

 

Let 𝑢 = 𝑥 −
௣

ଵା௣మ. Then 𝑝 = tan 𝑢. 

Differentiate 𝑦 w.r.t 𝑥 via 𝑝 and eliminate 𝑝 leads to a solvable form. This is a “solvable for 𝑥” type: 

From 𝑢 = 𝑥 −
௣

ଵା௣మ and 𝑝 = tan 𝑢, 

𝑥 = 𝑢 +
tan 𝑢

1 + tan ଶ 𝑢
= 𝑢 +

sin 𝑢cos 𝑢

1
= 𝑢 +

1

2
sin 2𝑢. 

 

Also, 𝑑𝑦 = 𝑝𝑑𝑥 = tan 𝑢ௗ𝑑𝑥. 
From 𝑑𝑥 = (1 + cos 2𝑢)𝑑𝑢. 

Thus: 

𝑑𝑦 = tan 𝑢(1 + cos 2𝑢)𝑑𝑢 = tan 𝑢 ⋅ 2cos ଶ 𝑢ௗ𝑑𝑢 = 2sin 𝑢cos 𝑢ௗ𝑑𝑢 = sin 2𝑢ௗ𝑑𝑢. 
 

Integrate: 

𝑦 = −
1

2
cos 2𝑢 + 𝐶. 

 

General solution in parametric form (𝑢 parameter): 

𝑥 = 𝑢 +
1

2
sin 2𝑢, 𝑦 = −

1

2
cos 2𝑢 + 𝐶. 

 

Final Answer: 

𝑥 = 𝑢 +
1

2
sin 2𝑢, 𝑦 = −

1

2
cos 2𝑢 + 𝐶  

 

 

Question 10: Solve Clairaut’s Equation 𝒚 = 𝒑𝒙 + 𝒇(𝒑). 

Given Clairaut’s form: 

𝑦 = 𝑝𝑥 + 𝑓(𝑝), 𝑝 =
𝑑𝑦

𝑑𝑥
. 

 

Differentiate w.r.t 𝑥: 
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𝑝 = 𝑝 + 𝑥
𝑑𝑝

𝑑𝑥
+ 𝑓ᇱ(𝑝)

𝑑𝑝

𝑑𝑥
. 

 

Thus: 

(𝑥 + 𝑓ᇱ(𝑝))
𝑑𝑝

𝑑𝑥
= 0. 

 

Case 1: 
ௗ௣

ௗ௫
= 0   ⟹   𝑝 = 𝑚 (constant). 

Then general solution: 

𝑦 = 𝑚𝑥 + 𝑓(𝑚), 
 

a family of straight lines. 

Case 2: 𝑥 + 𝑓ᇱ(𝑝) = 0. 
This gives singular solution by eliminating 𝑝 between 𝑦 = 𝑝𝑥 + 𝑓(𝑝) and 𝑥 = −𝑓ᇱ(𝑝). 

Final Answer: 
General solution: 𝑦 = 𝐶𝑥 + 𝑓(𝐶). 
Singular solution: 𝑥 = −𝑓ᇱ(𝑝), 𝑦 = 𝑝𝑥 + 𝑓(𝑝) with 𝑝 eliminated. 

 

 

 


