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Assignment – 7 

 

1. Method of Undetermined Coefficients 

(i) 𝑦ᇱᇱ − 3𝑦ᇱ + 2𝑦 = 𝑒ଷ௫ 
Homogeneous solution: 𝑦௛. 
Characteristic: 𝑚ଶ − 3𝑚 + 2 = 0 ⇒ (𝑚 − 1)(𝑚 − 2) = 0 ⇒ 𝑚 = 1,2. 

𝑦௛ = 𝐶ଵ𝑒௫ + 𝐶ଶ𝑒ଶ௫ 
 

Particular solution: Since RHS = 𝑒ଷ௫ is not in 𝑦௛, assume 𝑦௣ = 𝐴𝑒ଷ௫. 
Substitute: 
𝑦௣

ᇱ = 3𝐴𝑒ଷ௫, 𝑦௣
ᇱᇱ = 9𝐴𝑒ଷ௫. 

Equation: (9𝐴 − 9𝐴 + 2𝐴)𝑒ଷ௫ = 𝑒ଷ௫ ⇒ 2𝐴 = 1 ⇒ 𝐴 =
ଵ

ଶ
. 

Thus 𝑦௣ =
ଵ

ଶ
𝑒ଷ௫. 

General solution: 

𝑦 = 𝐶ଵ𝑒௫ + 𝐶ଶ𝑒ଶ௫ +
1

2
𝑒ଷ௫  

 

 

(ii) 𝑦ᇱᇱ + 4𝑦 = sin 3𝑥 
Homogeneous: 𝑚ଶ + 4 = 0 ⇒ 𝑚 = ±2𝑖. 

𝑦௛ = 𝐶ଵcos 2𝑥 + 𝐶ଶsin 2𝑥 
 

RHS = sin 3𝑥 (frequency 3 ≠ 2), so assume 𝑦௣ = 𝐴cos 3𝑥 + 𝐵sin 3𝑥. 

𝑦௣
ᇱᇱ = −9𝐴cos 3𝑥 − 9𝐵sin 3𝑥. 

Substitute: (−9𝐴cos 3𝑥 − 9𝐵sin 3𝑥) + 4(𝐴cos 3𝑥 + 𝐵sin 3𝑥) = sin 3𝑥. 
Coefficient match: 
cos 3𝑥: −9𝐴 + 4𝐴 = 0 ⇒ −5𝐴 = 0 ⇒ 𝐴 = 0. 

sin 3𝑥: −9𝐵 + 4𝐵 = 1 ⇒ −5𝐵 = 1 ⇒ 𝐵 = −
ଵ

ହ
. 

Thus 𝑦௣ = −
ଵ

ହ
sin 3𝑥. 

General solution: 

𝑦 = 𝐶ଵcos 2𝑥 + 𝐶ଶsin 2𝑥 −
1

5
sin 3𝑥  
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(iii) 𝑦ᇱᇱ + 𝑦ᇱ − 6𝑦 = −6𝑥ଷ + 3𝑥ଶ + 6𝑥 
Homogeneous: 𝑚ଶ + 𝑚 − 6 = 0 ⇒ (𝑚 + 3)(𝑚 − 2) = 0 ⇒ 𝑚 = −3,2. 

𝑦௛ = 𝐶ଵ𝑒ିଷ௫ + 𝐶ଶ𝑒ଶ௫ 
 

RHS is cubic polynomial, so assume 𝑦௣ = 𝐴𝑥ଷ + 𝐵𝑥ଶ + 𝐶𝑥 + 𝐷. 

𝑦௣
ᇱ = 3𝐴𝑥ଶ + 2𝐵𝑥 + 𝐶, 𝑦௣

ᇱᇱ = 6𝐴𝑥 + 2𝐵. 
Substitute into ODE: 
(6𝐴𝑥 + 2𝐵) + (3𝐴𝑥ଶ + 2𝐵𝑥 + 𝐶) − 6(𝐴𝑥ଷ + 𝐵𝑥ଶ + 𝐶𝑥 + 𝐷) = −6𝑥ଷ + 3𝑥ଶ + 6𝑥. 
Match coefficients: 
𝑥ଷ: −6𝐴 = −6 ⇒ 𝐴 = 1. 
𝑥ଶ: 3𝐴 − 6𝐵 = 3 ⇒ 3 − 6𝐵 = 3 ⇒ 𝐵 = 0. 
𝑥ଵ: 6𝐴 + 2𝐵 − 6𝐶 = 6 ⇒ 6 − 6𝐶 = 6 ⇒ 𝐶 = 0. 
Constant: 2𝐵 + 𝐶 − 6𝐷 = 0 ⇒ 0 − 6𝐷 = 0 ⇒ 𝐷 = 0. 
Thus 𝑦௣ = 𝑥ଷ. 
General solution: 

𝑦 = 𝐶ଵ𝑒ିଷ௫ + 𝐶ଶ𝑒ଶ௫ + 𝑥ଷ  

 

 

(iv) 𝑦ᇱᇱ + 2𝑦ᇱ − 35𝑦 = 12𝑒ହ௫ + 37sin 5𝑥 
Homogeneous: 𝑚ଶ + 2𝑚 − 35 = 0 ⇒ (𝑚 + 7)(𝑚 − 5) = 0 ⇒ 𝑚 = −7,5. 

𝑦௛ = 𝐶ଵ𝑒ି଻௫ + 𝐶ଶ𝑒ହ௫ 
 

RHS has 𝑒ହ௫ (matches 𝑚 = 5) and sin 5𝑥. 
For 12𝑒ହ௫: Since 𝑒ହ௫ is in 𝑦௛ , multiply by 𝑥: assume 𝑦௣ଵ = 𝐴𝑥𝑒ହ௫. 
For 37sin 5𝑥: assume 𝑦௣ଶ = 𝐵cos 5𝑥 + 𝐶sin 5𝑥. 

So 𝑦௣ = 𝐴𝑥𝑒ହ௫ + 𝐵cos 5𝑥 + 𝐶sin 5𝑥. 

Compute 𝑦௣
ᇱ  and 𝑦௣

ᇱᇱ, substitute, match coefficients: 

For 𝑒ହ௫ term: (2𝐴 ⋅ 5 + 2𝐴)𝑒ହ௫? Let’s compute carefully: 
𝑦௣ଵ = 𝐴𝑥𝑒ହ௫ 

𝑦௣ଵ
ᇱ = 𝐴𝑒ହ௫ + 5𝐴𝑥𝑒ହ௫ 

𝑦௣ଵ
ᇱᇱ = 5𝐴𝑒ହ௫ + 5𝐴𝑒ହ௫ + 25𝐴𝑥𝑒ହ௫ = 10𝐴𝑒ହ௫ + 25𝐴𝑥𝑒ହ௫ 

Plug into homogeneous operator 𝐿 = 𝐷ଶ + 2𝐷 − 35: 
𝐿[𝑦௣ଵ] = [10𝐴𝑒ହ௫ + 25𝐴𝑥𝑒ହ௫] + 2[𝐴𝑒ହ௫ + 5𝐴𝑥𝑒ହ௫] − 35[𝐴𝑥𝑒ହ௫] 

Coefficient of 𝑥𝑒ହ௫: 25𝐴 + 10𝐴 − 35𝐴 = 0 (as expected). 
Coefficient of 𝑒ହ௫: 10𝐴 + 2𝐴 = 12𝐴. 
We need 12𝐴𝑒ହ௫ = 12𝑒ହ௫ ⇒ 𝐴 = 1. 
Thus 𝑦௣ଵ = 𝑥𝑒ହ௫. 

For 𝑦௣ଶ: 𝑦௣ଶ = 𝐵cos 5𝑥 + 𝐶sin 5𝑥 

𝑦௣ଶ
ᇱ = −5𝐵sin 5𝑥 + 5𝐶cos 5𝑥 

𝑦௣ଶ
ᇱᇱ = −25𝐵cos 5𝑥 − 25𝐶sin 5𝑥 

Plug into 𝐿: 
𝐿[𝑦௣ଶ] = (−25𝐵cos 5𝑥 − 25𝐶sin 5𝑥) + 2(−5𝐵sin 5𝑥 + 5𝐶cos 5𝑥) − 35(𝐵cos 5𝑥 + 𝐶sin 5𝑥) 

Combine: 
cos 5𝑥: −25𝐵 + 10𝐶 − 35𝐵 = −60𝐵 + 10𝐶 
sin 5𝑥: −25𝐶 − 10𝐵 − 35𝐶 = −10𝐵 − 60𝐶 
Set equal to 0cos 5𝑥 + 37sin 5𝑥: 
System: 

−60𝐵 + 10𝐶 = 0 
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−10𝐵 − 60𝐶 = 37 
From first: 𝐶 = 6𝐵. 
Second: −10𝐵 − 360𝐵 = 37 ⇒ −370𝐵 = 37 ⇒ 𝐵 = −0.1, then 𝐶 = −0.6. 
Thus 𝑦௣ଶ = −0.1cos 5𝑥 − 0.6sin 5𝑥. 

General solution: 

𝑦 = 𝐶ଵ𝑒ି଻௫ + 𝐶ଶ𝑒ହ௫ + 𝑥𝑒ହ௫ − 0.1cos 5𝑥 − 0.6sin 5𝑥  

 

 

2. Variation of Parameters 

(i) 
ௗమ௬

ௗ௫మ − 2
ௗ௬

ௗ௫
+ 𝑦 = 𝑒௫log 𝑥 

Homogeneous: 𝑚ଶ − 2𝑚 + 1 = 0 ⇒ (𝑚 − 1)ଶ = 0 ⇒ 𝑚 = 1 (double). 

𝑦௛ = (𝐶ଵ + 𝐶ଶ𝑥)𝑒௫ 
 

Two independent solutions: 𝑦ଵ = 𝑒௫, 𝑦ଶ = 𝑥𝑒 ௫. 
Wronskian: 𝑊 = 𝑦ଵ𝑦ଶ

ᇱ − 𝑦ଶ𝑦ଵ
ᇱ = 𝑒 ௫(𝑒௫ + 𝑥𝑒௫) − 𝑥𝑒௫ ⋅ 𝑒௫ = 𝑒ଶ௫. 

Particular solution: 𝑦௣ = 𝑢ଵ𝑦ଵ + 𝑢ଶ𝑦ଶ, where 

𝑢ଵ
ᇱ = −

𝑦ଶ ⋅ 𝑓(𝑥)

𝑊
, 𝑢ଶ

ᇱ =
𝑦ଵ ⋅ 𝑓(𝑥)

𝑊
, 𝑓(𝑥) = 𝑒 ௫log 𝑥. 

 

𝑢ଵ
ᇱ = −

𝑥𝑒௫ ⋅ 𝑒௫log 𝑥

𝑒ଶ௫
= −𝑥log 𝑥 

𝑢ଶ
ᇱ =

𝑒௫ ⋅ 𝑒 ௫log 𝑥

𝑒ଶ௫
= log 𝑥 

Integrate: 

𝑢ଵ = −∫ 𝑥log 𝑥ௗ𝑑𝑥 = − ቆ
𝑥ଶ

2
log 𝑥 −

𝑥ଶ

4
ቇ 

𝑢ଶ = ∫ log 𝑥ௗ𝑑𝑥 = 𝑥log 𝑥 − 𝑥 
Thus 

𝑦௣ = 𝑒௫ ቈ−
𝑥ଶ

2
log 𝑥 +

𝑥ଶ

4
቉ + 𝑥𝑒௫[𝑥log 𝑥 − 𝑥] 

Simplify: 

𝑦௣ = 𝑒௫ ቈ−
𝑥ଶ

2
log 𝑥 +

𝑥ଶ

4
+ 𝑥ଶlog 𝑥 − 𝑥ଶ቉ 

= 𝑒௫ ቈ
𝑥ଶ

2
log 𝑥 −

3𝑥ଶ

4
቉ 

General solution: 

𝑦 = (𝐶ଵ + 𝐶ଶ𝑥)𝑒௫ + 𝑒௫ ቆ
𝑥ଶ

2
log 𝑥 −

3𝑥ଶ

4
ቇ  

 

 

(ii) 
ௗమ௬

ௗ௫మ − 2
ௗ௬

ௗ௫
+ 2𝑦 = 𝑒௫tan 𝑥 

Homogeneous: 𝑚ଶ − 2𝑚 + 2 = 0 ⇒ 𝑚 = 1 ± 𝑖. 

𝑦௛ = 𝑒௫(𝐶ଵcos 𝑥 + 𝐶ଶsin 𝑥) 
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Solutions: 𝑦ଵ = 𝑒௫cos 𝑥, 𝑦ଶ = 𝑒௫sin 𝑥. 
Wronskian: 

𝑊 = 𝑦ଵ𝑦ଶ
ᇱ − 𝑦ଶ𝑦ଵ

ᇱ  
𝑦ଵ

ᇱ = 𝑒௫(cos 𝑥 − sin 𝑥), 𝑦ଶ
ᇱ = 𝑒௫(sin 𝑥 + cos 𝑥) 

𝑊 = 𝑒 ௫cos 𝑥 ⋅ 𝑒௫(sin 𝑥 + cos 𝑥) − 𝑒௫sin 𝑥 ⋅ 𝑒௫(cos 𝑥 − sin 𝑥) 
= 𝑒ଶ௫[cos 𝑥sin 𝑥 + cos ଶ 𝑥 − sin 𝑥cos 𝑥 + sin ଶ 𝑥] 
= 𝑒ଶ௫ 

𝑓(𝑥) = 𝑒௫tan 𝑥. 

𝑢ଵ
ᇱ = −

𝑦ଶ𝑓

𝑊
= −

𝑒௫sin 𝑥 ⋅ 𝑒௫tan 𝑥

𝑒ଶ௫
= −sin 𝑥tan 𝑥 = −

sin ଶ 𝑥

cos 𝑥
 

𝑢ଶ
ᇱ =

𝑦ଵ𝑓

𝑊
=

𝑒 ௫cos 𝑥 ⋅ 𝑒௫tan 𝑥

𝑒ଶ௫
= cos 𝑥tan 𝑥 = sin 𝑥 

Integrate: 

𝑢ଵ = −∫
sin ଶ 𝑥

cos 𝑥
𝑑𝑥 = −∫

1 − cos ଶ 𝑥

cos 𝑥
𝑑𝑥 = −∫ (sec 𝑥 − cos 𝑥)𝑑𝑥 = −ln ∣ sec 𝑥 + tan 𝑥 ∣ +sin 𝑥 

𝑢ଶ = ∫ sin 𝑥ௗ𝑑𝑥 = −cos 𝑥 
Thus 𝑦௣ = 𝑢ଵ𝑦ଵ + 𝑢ଶ𝑦ଶ = 𝑒௫cos 𝑥[−ln ∣ sec 𝑥 + tan 𝑥 ∣ +sin 𝑥] + (−cos 𝑥)𝑒௫sin 𝑥 

Simplify: 𝑦௣ = −𝑒௫cos 𝑥ln ∣ sec 𝑥 + tan 𝑥 ∣ +𝑒௫cos 𝑥sin 𝑥 − 𝑒 ௫sin 𝑥cos 𝑥 

Cancels: 𝑦௣ = −𝑒 ௫cos 𝑥ln ∣ sec 𝑥 + tan 𝑥 ∣. 
General solution: 

𝑦 = 𝑒௫(𝐶ଵcos 𝑥 + 𝐶ଶsin 𝑥) − 𝑒௫cos 𝑥ln ∣ sec 𝑥 + tan 𝑥 ∣  

 

 

(iii) (𝐷ଶ + 1)𝑦 =
ଵ

ଵାୱ୧୬ ௫
 

Homogeneous: 𝑚ଶ + 1 = 0 ⇒ 𝑚 = ±𝑖. 

𝑦௛ = 𝐶ଵcos 𝑥 + 𝐶ଶsin 𝑥 
 

𝑦ଵ = cos 𝑥, 𝑦ଶ = sin 𝑥. 
Wronskian: 𝑊 = cos 𝑥 ⋅ cos 𝑥 − sin 𝑥 ⋅ (−sin 𝑥) = cos ଶ 𝑥 + sin ଶ 𝑥 = 1. 

𝑓(𝑥) =
ଵ

ଵାୱ୧  ௫
. 

𝑢ଵ
ᇱ = −

𝑦ଶ𝑓

𝑊
= −

sin 𝑥

1 + sin 𝑥
 

𝑢ଶ
ᇱ =

𝑦ଵ𝑓

𝑊
=

cos 𝑥

1 + sin 𝑥
 

Integrate: 

𝑢ଵ = −∫
sin 𝑥

1 + sin 𝑥
𝑑𝑥 = −∫ ቀ1−

1
1 + sin 𝑥

ቁ 𝑑𝑥 

= −𝑥 + ∫
𝑑𝑥

1 + sin 𝑥
 

Let 𝐼 = ∫
ௗ௫

ଵାୱ୧୬ ௫
. Multiply numerator and denominator by 1 − sin 𝑥: 

𝐼 = ∫
1 − sin 𝑥

cos ଶ 𝑥
𝑑𝑥 = ∫ (sec ଶ 𝑥 − sec 𝑥tan 𝑥)𝑑𝑥 = tan 𝑥 − sec 𝑥 

Thus 𝑢ଵ = −𝑥 + tan 𝑥 − sec 𝑥. 

𝑢ଶ = ∫
ୡ୭

ଵାୱ୧୬ ௫
𝑑𝑥 = ln ∣ 1 + sin 𝑥 ∣. 

𝑦௣ = 𝑢ଵcos 𝑥 + 𝑢ଶsin 𝑥 

= cos 𝑥(−𝑥 + tan 𝑥 − sec 𝑥) + sin 𝑥ln ∣ 1 + sin 𝑥 ∣ 
= −𝑥cos 𝑥 + sin 𝑥 − 1 + sin 𝑥ln ∣ 1 + sin 𝑥 ∣ 

General solution: 
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𝑦 = 𝐶ଵcos 𝑥 + 𝐶ଶsin 𝑥 − 𝑥cos 𝑥 + sin 𝑥 − 1 + sin 𝑥ln ∣ 1 + sin 𝑥 ∣  

 

 

(iv) 
ௗమ௬

ௗ௫మ + 𝑦 = sin 𝑥 

Homogeneous: 𝑚ଶ + 1 = 0 ⇒ 𝑚 = ±𝑖. 
𝑦௛ = 𝐶ଵcos 𝑥 + 𝐶ଶsin 𝑥. 
Here sin 𝑥 is in 𝑦௛ (resonance). Use variation of parameters: 
𝑦ଵ = cos 𝑥, 𝑦ଶ = sin 𝑥, 𝑊 = 1, 𝑓(𝑥) = sin 𝑥. 

𝑢ଵ
ᇱ = −

sin 𝑥 ⋅ sin 𝑥

1
= −sin ଶ 𝑥 

𝑢ଶ
ᇱ =

cos 𝑥 ⋅ sin 𝑥

1
=

1

2
sin 2𝑥 

Integrate: 

𝑢ଵ = −∫ sin ଶ 𝑥ௗ𝑑𝑥 = −∫
1 − cos 2𝑥

2
𝑑𝑥 = −

𝑥

2
+

sin 2𝑥

4
 

𝑢ଶ = ∫
1

2
sin 2𝑥ௗ𝑑𝑥 = −

1

4
cos 2𝑥 

𝑦௣ = 𝑢ଵcos 𝑥 + 𝑢ଶsin 𝑥 

= ൬−
𝑥

2
+

sin 2𝑥

4
൰ cos 𝑥 + ൬−

1

4
cos 2𝑥൰ sin 𝑥 

Use sin 2𝑥 = 2sin 𝑥cos 𝑥: 
sin 2𝑥

4
cos 𝑥 =

1

2
sin 𝑥cos ଶ 𝑥 

Also −
ଵ

ସ
cos 2𝑥sin 𝑥 = −

ଵ

ସ
(1 − 2sin ଶ 𝑥)sin 𝑥 = −

ଵ

ସ
sin 𝑥 +

ଵ

ଶ
sin ଷ 𝑥 

Combine: 𝑦௣ = −
௫

ଶ
cos 𝑥 +

ଵ

ଶ
sin 𝑥cos ଶ 𝑥 −

ଵ

ସ
sin 𝑥 +

ଵ

ଶ
sin ଷ 𝑥 

But cos ଶ 𝑥 = 1 − sin ଶ 𝑥: 
1

2
sin 𝑥(1 − sin ଶ 𝑥) −

1

4
sin 𝑥 +

1

2
sin ଷ 𝑥 =

1

2
sin 𝑥 −

1

2
sin ଷ 𝑥 −

1

4
sin 𝑥 +

1

2
sin ଷ 𝑥 =

1

4
sin 𝑥 

So 𝑦௣ = −
௫

ଶ
cos 𝑥 +

ଵ

ସ
sin 𝑥. 

General solution: 

𝑦 = 𝐶ଵcos 𝑥 + 𝐶ଶsin 𝑥 −
𝑥

2
cos 𝑥 +

1

4
sin 𝑥  

 

(Note: 
ଵ

ସ
sin 𝑥 can be absorbed into 𝐶ଶsin 𝑥, so simpler form: 𝑦 = 𝐶ଵcos 𝑥 + 𝐶ଶsin 𝑥 −

௫

ଶ
cos 𝑥.) 

 

(v) 
ௗమ௬

ௗ௫మ + 𝑎ଶ𝑦 = sec (𝑎𝑥) 

Homogeneous: 𝑚ଶ + 𝑎ଶ = 0 ⇒ 𝑚 = ±𝑎𝑖. 
𝑦௛ = 𝐶ଵcos (𝑎𝑥) + 𝐶ଶsin (𝑎𝑥). 
𝑦ଵ = cos (𝑎𝑥), 𝑦ଶ = sin (𝑎𝑥), 𝑊 = 𝑎. 
𝑓(𝑥) = sec (𝑎𝑥). 

𝑢ଵ
ᇱ = −

sin (𝑎𝑥)sec (𝑎𝑥)

𝑎
= −

tan (𝑎𝑥)

𝑎
 

𝑢ଶ
ᇱ =

cos (𝑎𝑥)sec (𝑎𝑥)

𝑎
=

1

𝑎
 

Integrate: 

𝑢ଵ = −
1

𝑎
∫ tan (𝑎𝑥)𝑑𝑥 =

1

𝑎ଶ
ln ∣ cos (𝑎𝑥) ∣ 

𝑢ଶ =
𝑥

𝑎
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𝑦௣ =
1

𝑎ଶ
cos (𝑎𝑥)ln ∣ cos (𝑎𝑥) ∣ +

𝑥

𝑎
sin (𝑎𝑥) 

General solution: 

𝑦 = 𝐶ଵcos (𝑎𝑥) + 𝐶ଶsin (𝑎𝑥) +
1

𝑎ଶ
cos (𝑎𝑥)ln ∣ cos (𝑎𝑥) ∣ +

𝑥

𝑎
sin (𝑎𝑥)  

 
 

 

 


