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Subject Name & Code: 

MATHEMATICS II- BE02R00011 
 

(Disclaimer: The purpose of these AI-generated responses is just education and reference. Utilise them to grasp topics and structure, but 
always rewrite in your own words and double-check the content before submitting.) 

 

Assignment – 8 

1. Explain Euler–Cauchy Differential Equation 

An Euler–Cauchy (or equidimensional) differential equation is a linear ODE of the form 

𝑎௡𝑥௡𝑦(௡) + 𝑎௡ିଵ𝑥௡ିଵ𝑦൫𝑛−1൯ + ⋯ + 𝑎ଵ𝑥𝑦ᇱ + 𝑎଴𝑦 = 𝑓(𝑥), 
 

where the coefficients are constants multiplied by powers of 𝑥 matching the order of the derivative. 
The key property is that the substitution 𝑥 = 𝑒௧ (or assuming a trial solution 𝑦 = 𝑥௠) transforms it into a 
linear ODE with constant coefficients in the variable 𝑡. 
For the second-order case: 

𝑎𝑥ଶ𝑦ᇱᇱ + 𝑏𝑥𝑦ᇱ + 𝑐𝑦 = 0, 
 

we assume 𝑦 = 𝑥௠. Substituting gives the indicial equation: 

𝑎𝑚(𝑚 − 1) + 𝑏𝑚 + 𝑐 = 0. 
 

Roots 𝑚ଵ, 𝑚ଶ determine the solution structure: 

 Real and distinct: 𝑦 = 𝐶ଵ𝑥௠భ + 𝐶ଶ𝑥௠మ  

 Repeated real root 𝑚: 𝑦 = (𝐶ଵ + 𝐶ଶln 𝑥)𝑥௠ 

 Complex conjugates 𝑚 = 𝛼 ± 𝑖𝛽: 𝑦 = 𝑥ఈ[𝐶ଵcos (𝛽ln 𝑥) + 𝐶ଶsin (𝛽ln 𝑥)] 

These equations appear in engineering problems with radial or scale-invariant symmetry, e.g., in potential 
theory, heat conduction in cylinders, or stress analysis. 

 

2. Solve 𝒙𝟐𝒚ᇱᇱ − 𝟑𝒙𝒚ᇱ + 𝟒𝒚 = 𝟎, with 𝒚(𝟎) = 𝟏, 𝒚ᇱ(𝟏) = 𝟑 

Given: Euler–Cauchy equation, homogeneous. 
Assume 𝑦 = 𝑥௠. Then 𝑦ᇱ = 𝑚𝑥௠ିଵ, 𝑦ᇱᇱ = 𝑚(𝑚 − 1)𝑥௠ିଶ. 
Substitute: 

𝑥ଶ[𝑚(𝑚 − 1)𝑥௠ିଶ] − 3𝑥[𝑚𝑥௠ିଵ] + 4𝑥௠ = 0 
[𝑚(𝑚 − 1) − 3𝑚 + 4]𝑥௠ = 0 

 

Indicial equation: 𝑚ଶ − 4𝑚 + 4 = 0 ⇒ (𝑚 − 2)ଶ = 0 ⇒ 𝑚 = 2 (double root). 

General solution for repeated root: 

𝑦 = (𝐶ଵ + 𝐶ଶln 𝑥)𝑥ଶ. 
 

Apply boundary conditions: 
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 𝑦(0) = 1 is problematic because 𝑥 = 0 is singular point 
𝑦(1) = 𝐶ଵ = 1. 

 𝑦ᇱ(𝑥) = 𝐶ଶ𝑥ଶ ⋅
ଵ

௫
+ 2(𝐶ଵ + 𝐶ଶln 𝑥)𝑥 = 𝐶ଶ𝑥 + 2(𝐶ଵ + 𝐶ଶln 𝑥)𝑥. 

𝑦ᇱ(1) = 𝐶ଶ + 2𝐶ଵ = 3. With 𝐶ଵ = 1, 𝐶ଶ + 2 = 3 ⇒ 𝐶ଶ = 1. 

Thus: 

𝑦 = (1 + ln 𝑥)𝑥ଶ  

 

(Assuming corrected BC: 𝑦(1) = 1, 𝑦ᇱ(1) = 3.) 

 

3. Solve 𝒙𝟐𝒚ᇱᇱ − 𝟐𝒙𝒚ᇱ + 𝟐𝒚 = 𝒙𝟑𝐜𝐨𝐬 𝒙 

Homogeneous part: 𝑥ଶ𝑦௛
ᇱᇱ − 2𝑥𝑦௛

ᇱ + 2𝑦௛ = 0. 
Assume 𝑦௛ = 𝑥௠: indicial equation 𝑚(𝑚 − 1) − 2𝑚 + 2 = 0 ⇒ 𝑚ଶ − 3𝑚 + 2 = 0 ⇒ 𝑚 = 1,2. 
So 𝑦௛ = 𝐶ଵ𝑥 + 𝐶ଶ𝑥ଶ. 

Then: 

𝑥
𝑑

𝑑𝑥
=

𝑑

𝑑𝑡
, 𝑥ଶ

𝑑ଶ

𝑑𝑥ଶ
=

𝑑ଶ

𝑑𝑡ଶ
−

𝑑

𝑑𝑡
. 

 

Equation becomes: 

൬
𝑑ଶ𝑦
𝑑𝑡ଶ −

𝑑𝑦
𝑑𝑡 ൰ − 2

𝑑𝑦

𝑑𝑡
+ 2𝑦 = 𝑒ଷ௧cos (𝑒௧). 

𝑑ଶ𝑦

𝑑𝑡ଶ
− 3

𝑑𝑦

𝑑𝑡
+ 2𝑦 = 𝑒ଷ௧cos (𝑒௧). 

 

Homogeneous solution in 𝑡: 𝑦௛(𝑡) = 𝐶ଵ𝑒௧ + 𝐶ଶ𝑒ଶ௧, i.e., 𝑦௛(𝑥) = 𝐶ଵ𝑥 + 𝐶ଶ𝑥ଶ. 

Wronskian: 𝑊 =∣ 𝑥 𝑥ଶ

1 2𝑥
∣= 2𝑥ଶ − 𝑥ଶ = 𝑥ଶ. 

𝑓(𝑥) = 𝑥ଷcos 𝑥/𝑥ଶ = 𝑥cos 𝑥 (since divide by 𝑥ଶ from standard form 𝑦ᇱᇱ −
ଶ

௫
𝑦ᇱ +

ଶ

௫మ 𝑦 = 𝑥cos 𝑥). 

Standard formula: 𝑦௣ = −𝑦ଵ∫
௬మ௙

ௐ
𝑑𝑥 + 𝑦ଶ∫

௬భ௙

ௐ
𝑑𝑥. 

𝑦ଵ = 𝑥, 𝑦ଶ = 𝑥ଶ, 𝑓 = 𝑥cos 𝑥. 

First integral: ∫
௬మ௙

ௐ
𝑑𝑥 = ∫

௫మ⋅௫ୡ୭ୱ ௫

௫మ 𝑑𝑥 = ∫ 𝑥cos 𝑥ௗ𝑑𝑥 = 𝑥sin 𝑥 + cos 𝑥. 

Second integral: ∫
௬భ௙

ௐ
𝑑𝑥 = ∫

௫⋅௫ୡ୭ୱ ௫

௫మ 𝑑𝑥 = ∫ cos 𝑥ௗ𝑑𝑥 = sin 𝑥. 

Thus: 

𝑦௣ = −𝑥[𝑥sin 𝑥 + cos 𝑥] + 𝑥ଶsin 𝑥 = −𝑥ଶsin 𝑥 − 𝑥cos 𝑥 + 𝑥ଶsin 𝑥 = −𝑥cos 𝑥. 
 

General solution: 

𝑦 = 𝐶ଵ𝑥 + 𝐶ଶ𝑥ଶ − 𝑥cos 𝑥 . 
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4. Solve 𝒙𝟐𝒚ᇱᇱ − 𝟒𝒙𝒚ᇱ + 𝟔𝒚 = 𝟐𝟏𝒙 − 𝟒 

Homogeneous: 𝑥ଶ𝑦௛
ᇱᇱ − 4𝑥𝑦௛

ᇱ + 6𝑦௛ = 0. 
Assume 𝑦௛ = 𝑥௠: indicial: 𝑚(𝑚 − 1) − 4𝑚 + 6 = 0 ⇒ 𝑚ଶ − 5𝑚 + 6 = 0 ⇒ 𝑚 = 2,3. 
So 𝑦௛ = 𝐶ଵ𝑥ଶ + 𝐶ଶ𝑥ଷ. 

Particular solution: RHS is polynomial 21𝑥 − 4. Try 𝑦௣ = 𝐴𝑥 + 𝐵 (since no 𝑥ଶ, 𝑥ଷ in homogeneous? But 
constant and linear are not solutions of homogeneous, fine). 
Substitute into original equation: 

𝑦௣
ᇱ = 𝐴, 𝑦௣

ᇱᇱ = 0. 

LHS: 𝑥ଶ(0) − 4𝑥(𝐴) + 6(𝐴𝑥 + 𝐵) = −4𝐴𝑥 + 6𝐴𝑥 + 6𝐵 = 2𝐴𝑥 + 6𝐵. 
Set equal to 21𝑥 − 4: 

Coefficient of 𝑥: 2𝐴 = 21 ⇒ 𝐴 = 10.5. 

Constant: 6𝐵 = −4 ⇒ 𝐵 = −
ଶ

ଷ
. 

Thus 𝑦௣ = 10.5𝑥 −
ଶ

ଷ
. 

General solution: 

𝑦 = 𝐶ଵ𝑥ଶ + 𝐶ଶ𝑥ଷ + 10.5𝑥 −
2

3
. 

 

 

5. Power series solution near 𝒙 = 𝟎 for 𝒚ᇱᇱ + 𝒚 = 𝟎 

Assume 𝑦 = ∑ 𝑎௡
ஶ
௡ୀ଴ 𝑥௡. Then 𝑦ᇱᇱ = ෌ 𝑛(𝑛 − 1)

ஶ

௡ୀଶ
𝑎௡𝑥௡ିଶ. 

Shift index: let 𝑘 = 𝑛 − 2 ⇒ 𝑦ᇱᇱ = ෌ (𝑘 + 2)(𝑘 + 1)
ஶ

௞ୀ଴
𝑎௞ାଶ𝑥௞. 

Equation: ෌ (𝑘 + 2)(𝑘 + 1)
ஶ

௞ୀ଴
𝑎௞ାଶ𝑥௞ + ∑ 𝑎௞

ஶ
௞ୀ଴ 𝑥௞ = 0. 

Coefficient of 𝑥௞: (𝑘 + 2)(𝑘 + 1)𝑎௞ାଶ + 𝑎௞ = 0. 

Recurrence: 𝑎௞ାଶ = −
௔ೖ

(௞ାଶ)(௞ାଵ)
. 

For 𝑘 = 0: 𝑎ଶ = −
௔బ

ଶ⋅ଵ
. 

𝑘 = 1: 𝑎ଷ = −
௔భ

ଷ⋅ଶ
. 

𝑘 = 2: 𝑎ସ = −
௔మ

ସ⋅ଷ
=

௔బ

ସ!
. 

𝑘 = 3: 𝑎ହ = −
௔య

ହ⋅ସ
=

௔భ

ହ!
. 

Pattern: 

𝑎ଶ௡ = (−1)௡
𝑎଴

(2𝑛)!
, 𝑎ଶ௡ାଵ = (−1)௡

𝑎ଵ

(2𝑛 + 1)!
. 

 

Thus: 

𝑦 = 𝑎଴ ෎
( −1)௡𝑥ଶ௡

(2𝑛)!

ஶ

௡ୀ଴

+ 𝑎ଵ ෎
( −1)௡𝑥ଶ௡ାଵ

(2𝑛 + 1)!

ஶ

௡ୀ଴

. 

 

Recognize as 𝑦 = 𝑎଴cos 𝑥 + 𝑎ଵsin 𝑥. 
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𝑦 = 𝑎଴cos 𝑥 + 𝑎ଵsin 𝑥 . 

 

 

6. Power series solution for (𝒙𝟐 + 𝟏)𝒚ᇱᇱ + 𝒙𝒚ᇱ − 𝒙𝒚 = 𝟎 about ordinary point 𝒙 = 𝟎 

Standard form: 𝑦ᇱᇱ +
௫

௫మାଵ
𝑦ᇱ −

௫

௫మାଵ
𝑦 = 0. Analytic at 𝑥 = 0. 

Assume 𝑦 = ∑ 𝑎௡
ஶ
௡ୀ଴ 𝑥௡. Compute: 

𝑦ᇱ = ∑ 𝑛ஶ
௡ୀଵ 𝑎௡𝑥௡ିଵ, 𝑦ᇱᇱ = ෌ 𝑛(𝑛 − 1)

ஶ

௡ୀଶ
𝑎௡𝑥௡ିଶ. 

Multiply original equation term-by-term: 

(𝑥ଶ + 1)𝑦ᇱᇱ = ෌ 𝑛(𝑛 − 1)
ஶ

௡ୀଶ
𝑎௡𝑥௡ + ෌ 𝑛(𝑛 − 1)

ஶ

௡ୀଶ
𝑎௡𝑥௡ିଶ. 

𝑥𝑦ᇱ = ∑ 𝑛ஶ
௡ୀଵ 𝑎௡𝑥௡. 

−𝑥𝑦 = − ∑ 𝑎௡
ஶ
௡ୀ଴ 𝑥௡ାଵ. 

Shift indices to align powers of 𝑥௡: 

Second term of first: set 𝑚 = 𝑛 − 2: ෌ (𝑚 + 2)(𝑚 + 1)
ஶ

௠ୀ଴
𝑎௠ାଶ𝑥௠. 

Combine all: 

For 𝑛 = 0: from ( 𝑚 = 0 ) term: 2 ⋅ 1𝑎ଶ𝑥଴ = 2𝑎ଶ. Others? No other 𝑥଴ terms. So 2𝑎ଶ = 0 ⇒ 𝑎ଶ = 0. 

For 𝑛 = 1: 
From 𝑦ᇱᇱ part: ( 𝑚 = 1 ) gives 6𝑎ଷ𝑥ଵ. 
From 𝑥𝑦ᇱ: 𝑛 = 1 gives 1 ⋅ 𝑎ଵ𝑥ଵ. 
From −𝑥𝑦: 𝑛 = 0 gives −𝑎଴𝑥ଵ. 

Equation: 6𝑎ଷ + 𝑎ଵ − 𝑎଴ = 0 ⇒ 𝑎ଷ =
௔బି௔భ

଺
. 

For 𝑛 ≥ 2 general recurrence: 
Coefficient of 𝑥௡ from: 
(𝑥ଶ + 1)𝑦ᇱᇱ: 𝑛(𝑛 − 1)𝑎௡ + (𝑛 + 2)(𝑛 + 1)𝑎௡ାଶ. 
𝑥𝑦ᇱ: 𝑛𝑎௡. 
−𝑥𝑦: −𝑎௡ିଵ. 

Sum: [𝑛(𝑛 − 1)𝑎௡ + (𝑛 + 2)(𝑛 + 1)𝑎௡ାଶ] + 𝑛𝑎௡ − 𝑎௡ିଵ = 0. 
Simplify: 𝑛ଶ𝑎௡ + (𝑛 + 2)(𝑛 + 1)𝑎௡ାଶ − 𝑎௡ିଵ = 0. 
Thus: 

𝑎௡ାଶ =
𝑎௡ିଵ − 𝑛ଶ𝑎௡

(𝑛 + 2)(𝑛 + 1)
, 𝑛 ≥ 2. 

 

We have 𝑎଴, 𝑎ଵ arbitrary, 𝑎ଶ = 0, 𝑎ଷ = (𝑎଴ − 𝑎ଵ)/6. 

For 𝑛 = 2: 𝑎ସ =
௔భିସ௔మ

ଵଶ
=

௔భ

ଵଶ
. 

𝑛 = 3: 𝑎ହ =
௔మିଽ௔య

ଶ଴
=

ିଽ(௔బି௔భ)/଺

ଶ଴
= −

ଷ(௔బି௔భ)

ସ଴
. 

Series continues. General solution: 

𝑦 = 𝑎଴ ቈ1 +
𝑥ଷ

6
−

3𝑥ହ

40
+ ⋯ ௗ቉ + 𝑎ଵ ቈ𝑥 −

𝑥ଷ

6
+

𝑥ସ

12
+ ⋯ ௗ቉ . 
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7. Power series solution near 𝒙 = 𝟎 for 𝒚ᇱᇱ + 𝒙𝒚 = 𝟎 

Assume 𝑦 = ∑ 𝑎௡
ஶ
௡ୀ଴ 𝑥௡. 

𝑦ᇱᇱ = ෌ 𝑛(𝑛 − 1)
ஶ

௡ୀଶ
𝑎௡𝑥௡ିଶ = ෌ (𝑘 + 2)(𝑘 + 1)

ஶ

௞ୀ଴
𝑎௞ାଶ𝑥௞ . 

𝑥𝑦 = ∑ 𝑎௡
ஶ
௡ୀ଴ 𝑥௡ାଵ = ∑ 𝑎௞ିଵ

ஶ
௞ୀଵ 𝑥௞. 

Equation: 

෌ (𝑘 + 2)(𝑘 + 1)
ஶ

௞ୀ଴
𝑎௞ାଶ𝑥௞ + ∑ 𝑎௞ିଵ

ஶ
௞ୀଵ 𝑥௞ = 0. 

For 𝑘 = 0: 2 ⋅ 1𝑎ଶ = 0 ⇒ 𝑎ଶ = 0. 
For 𝑘 ≥ 1: (𝑘 + 2)(𝑘 + 1)𝑎௞ାଶ + 𝑎௞ିଵ = 0. 

Recurrence: 𝑎௞ାଶ = −
௔ೖషభ

(௞ାଶ)(௞ାଵ)
. 

Let’s compute: 

𝑘 = 1: 𝑎ଷ = −
௔బ

ଷ⋅ଶ
= −

௔బ

଺
. 

𝑘 = 2: 𝑎ସ = −
௔భ

ସ⋅ଷ
= −

௔భ

ଵଶ
. 

𝑘 = 3: 𝑎ହ = −
௔మ

ହ⋅ସ
= 0 (since 𝑎ଶ = 0). 

𝑘 = 4: 𝑎଺ = −
௔య

଺⋅ହ
=

௔బ

ଵ଼଴
. 

𝑘 = 5: 𝑎଻ = −
௔ర

଻⋅଺
=

௔భ

ହ଴ସ
. 

𝑘 = 6: 𝑎଼ = −
௔ఱ

଼⋅଻
= 0. 

Pattern: coefficients with indices multiple of 3 are special: 𝑎଴, 𝑎ଷ, 𝑎଺, … and 𝑎ଵ, 𝑎ସ, 𝑎଻, …, others zero except 
possibly higher. 

General solution: 

𝑦 = 𝑎଴ ቆ1 −
𝑥ଷ

6
+

𝑥଺

180
− ⋯ ௗቇ + 𝑎ଵ ቆ𝑥 −

𝑥ସ

12
+

𝑥଻

504
− ⋯ ௗቇ . 

𝑦 = 𝑎଴ ෍ 𝑐௡

ஶ

௡ୀ଴

𝑥ଷ௡ + 𝑎ଵ ෍ 𝑑௡

ஶ

௡ୀ଴

𝑥ଷ௡ାଵ , 

 

with 𝑐଴ = 1, 𝑐ଵ = −
ଵ

଺
, 𝑐ଶ =

ଵ

ଵ଼଴
, … and 𝑑଴ = 1, 𝑑ଵ = −

ଵ

ଵଶ
, 𝑑ଶ =

ଵ

ହ଴ସ
, …. 

 

 

 

 


