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Subject Name & Code:
MATHEMATICS II- BEO2R00011

(Disclaimer: The purpose of these Al-generated responses is just education and reference. Utilise them to grasp topics and structure, but
always rewrite in your own words and double-check the content before submitting.)

Assignment — 8
1. Explain Euler—Cauchy Differential Equation

An Euler—Cauchy (or equidimensional) differential equation is a linear ODE of the form

@y ® + a,_x"ty (D ot ayxy + agy = £ (),

where the coefficients are constants multiplied by powers of x matching the order of the derivative.

The key property is that the substitution x = e* (or assuming a trial solution y = x™) transforms it into a
linear ODE with constant coefficients in the variable t.

For the second-order case:

ax?y" + bxy' +cy =0,

we assume y = x™. Substituting gives the indicial equation:

am(m—1)+bm+c=0.

Roots m,, m, determine the solution structure:

e Real and distinct: y = C;x™1 4 C,x™2

e Repeated real root m: y = (C; + C,In x)x™

e Complex conjugates m = a + iff: y = x*[C;cos (Bln x) + C,sin (Bln x)]

These equations appear in engineering problems with radial or scale-invariant symmetry, e.g., in potential
theory, heat conduction in cylinders, or stress analysis.

2. Solve x2y"" — 3xy’ + 4y = 0, with y(0) = 1,y'(1) =3

Given: Euler—Cauchy equation, homogeneous.
Assume y = x™. Theny’ = mx™"1, y"” = m(m — 1)x™ 2,
Substitute:

x*[m(m — 1)x™ 2] — 3x[mx™ 1] + 4x™ =
[mm—-1)-3m+4]x™ =0

Indicial equation: m? — 4m + 4 = 0 = (m — 2)? = 0 = m = 2 (double root).
General solution for repeated root:

y = (C; + C,ln x)x2.

Apply boundary conditions:
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e y(0) =1 is problematic because x = 0 is singular point
y(1)=¢C, =1.

o y'(x) = Cux? -%+ 2(Cy + Cyln x)x = Cyx + 2(Cy + Cyln x)x.
Y1) =C+2C,=3.WithC, =1,(,+2=3=C, = 1.

Thus:

|y =(1+1In x)x2|

(Assuming corrected BC: y(1) = 1,y'(1) = 3.)

3. Solve x?y" — 2xy' + 2y = x3cos x

Homogeneous part: x%y;| — 2xy;, + 2y, = 0.

Assume y, = x™: indicial equationm(m —1) —2m+2=0=>m?-3m+2=0=>m = 1,2.
So y, = Cix + Cpx2.

Then:

d _d ,d*> d* d

Yax Tat ax? Tae T ar

Equation becomes:

d’y _d dy

(a0 =) =2 + 2y = eeos @
d’y _d

=34 2y = e¥cos (e,

Homogeneous solution in t: y, (t) = Ciet + C,e?!, ie., yp(x) = Cix + Cx2%.

. x x? 2 2 2
Wronskian: W =| |=2x% —x* = x“°.
1 2x

f(x) = x3cos x/x? = xcos x (since divide by x? from standard form y"' — )z—cy’ + %y = xcos Xx).
Standard formula: y, = —y; 1) %dx +y,f % dx.

Y1 =X,Y, = x%, f = xcos x.

x2-xcos x

2 dx = [ xcos x dx = xsin x + cos x.

First integral: [ %dx =

X:XCOS X

Second integral: [ %dx = — dx = [ cos x dx = sin x.

Thus:

¥p = —x[xsin x + cos x] + x?sin x = —x?sin x — xcos x + x*sin x = —xcos x.

General solution:

y = Cix + Cx% — xcos x|,
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4. Solve x2y" — 4xy' + 6y = 21x — 4

Homogeneous: x2y;| — 4xy;, + 6y, = 0.

Assume y, = x™: indicia m(m —1) —4m+6=0>m?—-5m+6=0>m = 2,3.
So y, = Cix?% + Cpx3.

Particular solution: RHS is polynomial 21x — 4. Try y,, = Ax + B (since no x2, x3 in homogeneous? But
constant and linear are not solutions of homogeneous, fine).
Substitute into original equation:

Yo =A,y, =0.
LHS: x2(0) — 4x(A) + 6(Ax + B) = —4Ax + 6Ax + 6B = 2Ax + 6B.
Set equal to 21x — 4:

Coefficient of x: 24 = 21 = A = 10.5.

Constant: 6B = —4 = B = —g.

Thus y, = 10.5x — %

General solution:

2
y = Cix?+ C,x% + 10.5x — 3l

5. Power series solution near x = 0 fory”" +y =0

Assume y = Y% a, x™. Theny” = 3°_ n(n— 1) a,x" 2.

n=2

Shiftindex: letk =n—2=y" = ¥" (k+2)(k + 1) ys,x".
Equation: Y.~ (k +2)(k + 1) @rpx* + i i x* = 0.

Coefficient of x*: (k + 2)(k + 1)ag,, + a, = 0.

Recurrence: ag,, = — (k”‘;%
Fork =0:a, = —%.
k =1: as = _%
k=2:a4=—%=%.
k=3ias=-2-%
Pattern:
Gzn = (~D)" o g = (— D) s
m (2n)!’ At @2n+ 1"
Thus:
3 ( _1)nx2n N ( _1)nx2n+1
Y=o oy " @n+ !
n=0 n=0

Recognize as y = aycos x + a,sin x.
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Y = ayCo0s x + a;sin x|

6. Power series solution for (x> + 1)y”' + xy’ — xy = 0 about ordinary point x = 0

x
x2+1

Standard form: y"' + y' - y = 0. Analytic at x = 0.

x2+1

Assume y = Yoo a, x™. Compute:

Y =¥ inax™ Ly =YY" nn-—1)ax"?

n=2

Multiply original equation term-by-term:

(x2+1)y" = Z:;Z n(n—1)ax™ + Z:;Z n(n—1)a,x" 2.
xy' = Yaiinapx™.

— =<} n+1
Xy = — Zn:o an X .

Shift indices to align powers of x™:
Second term of first: setm =n — 2: Z:zo(m +2)(m+ 1) apx™.

Combine all:
Forn = 0: from (m = 0) term: 2 - 1a,x° = 2a,. Others? No other x° terms. So 2a, = 0 = a, = 0.

Forn =1:

From y" part: (m = 1) gives 6azx*.
From xy':n = 1 gives 1 - a;x.
From —xy: n = 0 gives —agyx?.
Equation: 6as; +a; —ay =0=> a3 = Do~
For n > 2 general recurrence:

Coefficient of x™ from:

(x2+1Dy":n(n—Da, + (n+ 2)(n + Da,,..
xy': na,.

—Xy: —Qpy_q.

Sum: [n(n — Da, + (n+ 2)(n + 1a,,] +na, —a,_; =0.
Simplify: n2a, + (n + 2)(n + Da,p — ap_q = 0.
Thus:

2
apn—1 —N74y
= n>2.
n+2 n+2)(n+1) "

We have ay, a, arbitrary, a, = 0, a3 = (ay — a,)/6.

ai—4a a
Forn=2:q,="+—2==2

12 12°
n=3 q = %% _ ~9@0-a)/6 _ _ 3(d—a1)
"5 20 20 w0

Series continues. General solution:

3 5 3 x4-
y=a 1+———+---]+a1[x——+—+--- ] .
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7. Power series solution near x = 0 for y”" + xy =0

Assume y = Y g a, x™.

y'= 3 onm—1ax"? =3 (k+2)(k + 1) apgx*.
xy =Yoo an X" = TRy apq x".

Equation:

Yo e+ 2)(k + 1) @rypx + Ty ag_y xF = 0.

Fork=0:2-1a,=0=a, = 0.
Fork = 1: (k + 2)(k + Day,, +ap_, =0.

Ak—1
Recurrence: agp = ————.
k+2 (k+2)(k+1)

Let’s compute:

a, a

32 6

a a
k=2:a4=__1=__1.

43 12

a. .
k=3:as = —5—1 = 0 (since a, = 0).

a. a
k=4:a,=—-=2=->2.

65 180

a, a
k =5: a,; = -2 == .

76 504

a
k=6:a3=—==0.

8.7

Pattern: coefficients with indices multiple of 3 are special: ay, as, ag, ... and a4, a4, a, ..., others zero except
possibly higher.

General solution:

x3 x6 x4 x7
=a (1-2+ 2 — .. I
Y a"( 6 180 )+a1<x 12 504 )

[ee) [ee)
y =ag Z X3 +a; Yy d, x|
n=0 n=0
. 1 1 1 1
withcy =1,¢4 = —g,CZ ZE"" andd, =1,d, = _E'dz ZE'""

February 11, 2026



