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Subject Name & Code:
MATHEMATICS II- BEO2R00011

(Disclaimer: The purpose of these Al-generated responses is just education and reference. Utilise them to grasp topics and structure, but
always rewrite in your own words and double-check the content before submitting.)

Assignment — 9

1. Evaluate the Limit if it exists

. . z

Olm

Letz = x + iy, with | z |= \/x% + y2.
Then

z x+ iy

z| ’x2+y2'

We examine the limit along two different paths.

e Path 1: Along real axis (y = 0)
z=x,lzI=lxl.

Forx>0,-=%=1.
1z| x
Forx<0,i—i= —1.

1zl lxl
Hence along real axis, the value depends on direction; no unique limit.

e Path 2: Along imaginary axis (x = 0)

z=iy,lzI|=lyl
z _Ll:.
Fory>0,|zl—y i
Z_b__
Fory<0,|zI i

Since different paths give different limiting values (1, -1, i, -i), the limit does not exist.

|Limit does not exist|

z—1

(if) lzlgnl z2+1

Given: z2 + 1 = (z — i)(z + i).

Thus
z—1 z—1
z224+1 (z—-iD)(z+10)

For z # i, this simplifies to

z+i

Now take limit z — i:
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Rationalize:

20 =i 2
i
2
2. Discuss the continuity of the function
®
Re (z2)
—_— 0
f@=4"T1z1 " %7
0, z=0

Atz # 0, f is a rational combination of continuous functions (Re, ||), so f is continuous there.

Continuity at z = 0:
We check iflin}) f(z)=f(0)=0.
VASd

Letz = x + iy, then

z2 =x% —y? + 2ixy,Re (z2) = x2 — y%,| z |= \/x2 + y2.

Thus

e Approach along real axis (y = 0):
x? x?
flz)= Nl
2
For x > O,x?=x—> 0.
2
Forx < 0,:;—|= —x — 0.

Limit along real axis is 0.

e Approach along line y = x:
x? —y? = 0,50 f(z) = 0 — limit 0.

o Tryy=2x:
x2 — (2x)% = x% — 4x? = =3x2, \[x2 + (2x)2 =5 | x |I.

= 3y s 0asx -0
f(z)_\/gm_ Elx as x .

All linear approaches give limit 0. However, consider a parabolic path: y = vmx? + x* is messy; instead

test z = ret®:

z=re', 2% = r2e%2% Re (z%) = r?cos 26, z |=T.

So forz # 0,
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r?cos 26
fl2)= - = rcos 26.

Asr = 0, f(2) I r — 0 for any fixed 6.

Hence lZlLI}) f(z)=0=f(0).

Conclusion: f is continuous everywhere.

Continuous everywhere

(i)

Z
-, z#0
z

0, z=0

f(2) =

Forz # 0, f(z) = e~ Z (since Z/z = e~"?% in polar form z = re'%), so it is continuous except possibly
atz = 0.

Continuity at z = 0:
We check iflin}) f(2)=f(0)=0.
VASd

In polar coordinates: z = re'?, z = re=if,
re”t .
f@)=—g=e? 220
This is independent of r but depends on 6.
Thus for any fixed direction 8, as r — 0,
fz) - e,

Different values of 8 give different limits:

e 0 =0:limit1

o 0 =nm/2:limite”™ = -1

e 0 =nm/4: limite /2 = —j

Hence limit depends on path — limit does not exist as z — 0.

Since lirr}) f(2) does not exist, f is discontinuous at z = 0.
Z—

Conclusion: f is continuous for z # 0, discontinuous at z = 0.

|C0ntinuous for z # 0, discontinuous at z = 0

3. Show that f(z) = Z is nowhere differentiable.

Letz=x+iy,z=x—1y.
Write f(z) = u(x,y) + iv(x,y) with
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u(x,y) =xv(xy) = -y.

Compute partial derivatives:

u, = 1,uy =0,v, = O,vy =—-1.

Check Cauchy—Riemann equations:

u, = v, > 1 = —1(False).

Since C-R equations fail everywhere, f(z) = Z is nowhere differentiable (and hence nowhere analytic).

[Nowhere differentiable|

4. Show that f(z) =| z |? is differentiable only at the point z = 0.

Letz = x + iy, then | z |?= x2 + y2.
Write f(z) = u(x,y) + iv(x,y) with

u(x,y) = x% +y%,v(x,y) = 0.

Partial derivatives:

Uy = 2x,uy, = 2Y,0, = 0,1, = 0.

Cauchy—Riemann equations:

Uy =v, > 2x=0=2=0, u,=-v, = 2y=0= y=0.

Thus C-R equations hold only at z = 0 + i0 = 0.

Check differentiability at z = 0 using definition:

fO+R)—f0) |hI?
h = lim .

h—0 h

£1(0) = lim

Leth = re'® then | h |2= 12,

| h |2 r2
= re

— i
h " rei® '

Asr — 0, this tends to 0 independent of 6. Hence f'(0) = 0.

Thus f(z) =| z |? is differentiable only at z = 0.

Differentiable only at z = 0

5. Determine C—R equations in polar form.
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Letz =re'®, withr > 0,0 € R.
Write complex function f(z) = u(r, ) + iv(r, ), where u, v are real-valued functions of r, 8.

From x = rcos 6,y = rsin 6, we use chain rule:

Uy = U, Ty + Ugl, etc.

We know:
x P in 0.0 y sin @ x cos@
7, = —=cos 0,1, = sin =—-"=—-— =—=
*or e X 2 r Y 2 T
So:
sin @ ) cos @
U, = u,cos 0 —uy Uy =Upsin 0 +ug
Similarly,
sin @ . cos 6
U, = 1,.€0S 0 — vg Uy = 1,8in 0 + vy
r
Cauchy-Riemann equations in Cartesian: uy = vy, U, = —v,.
Substitute:

1. u, =v, gives:

ugsin 6 . vgcos 6
u,cos § ———— =vp,sin 6 + ——.
r
2. u, = —v, gives:
. ugcos 6 vgsin 6
u,sin 6 + —— = —(v.cos 0 ———).
r r

Multiply first equation by cos 8, second by sin 6, and add:

1
U, = —vyg.
T ra

Multiply first equation by —sin 8, second by cos 8, and add:

1
—Ug = — V.
r 6 T
Thus C-R equations in polar form:
1 1
U, = —Vg,—Ug = =V
T r 6 r 6 T

6. Define analytic function. State necessary and sufficient conditions for analyticity.

Analytic function definition:
A function f(z) of a complex variable z is said to be analytic (or holomorphic) at a point z; if it is
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differentiable at every point in some neighborhood of z,.
If f(2) is analytic at every point in a domain D, it is called analytic in D. An entire function is analytic
everywhere in the finite complex plane.

Necessary condition for analyticity:
If f(z2) = u(x,y) + iv(x,y) is analytic at zy = x, + iy,, then at z, the Cauchy—Riemann equations must
hold:

au_av au_ dv
ax  dy’'dy  ox’

Additionally, the four first partial derivatives u,, u,, v, v, must exist in a neighborhood of (xy’ o).

Sufficient condition for analyticity:
Let f(z) = u(x,y) + iv(x,y) be defined in some open domain D. If

1. u(x,y) and v(x, y) have continuous first partial derivatives in D, and

2. The Cauchy—Riemann equations are satisfied at every point in D,
then f(z) is analytic in D.

7. Verify that f(z) = z? satisfies CR equations and find f’'(z).
Letz = x + iy, then

z2 = (x + iy)? = (x? —y?) + i(2xy).

Thus u(x,y) = x2 — y2, v(x,y) = 2xy.
Partial derivatives:

Uy = 2x,Uy, = —2Y,V, = 2y, 7, = 2x.

Check Cauchy—Riemann:

U, =vy => 22=2z (True), uy,=-v, = —2y=-—(2y) (True).

C-R equations hold for all z.
Derivative:

f'(@) =u,+ivy, =2x +iRQy) = 2(x + iy) = 2z.

8. Show that f(z) = e” is entire function.
Write z = x + iy, then

z x+i

ef=¢e = e*(cos y + isin y).
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Thus
u(x,y) = e*cos y,v(x,y) = e*sin y.

Partial derivatives:

u, = e*cos y,u, = —e*sin y,v, = e*sin y,v, = e*cos y.
Check C—R:
Uy =v, = e'cosy=-e"cosy v

u, = v, => —e’siny=—(e"siny) v

C-R equations hold for all (x*y). Also, uy, u,, vy, v, are continuous everywhere.

Thus f(z) = e? is differentiable at every z, and is therefore entire.
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