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Subject Name & Code:
MATHEMATICS II- BEO2R00011

(Disclaimer: The purpose of these Al-generated responses is just education and reference. Utilise them to grasp topics and structure, but
always rewrite in your own words and double-check the content before submitting.)

Assignment — 12
Question 1
Evaluate [_z* dz where C is the line joining the points (0-0) and (4 2).
Given:
e z=x+1iy
e  (: straight line from 0 to 4 + 2i
To Find: Value of the contour integral | B z? dz.

Formula:
For a smooth curve C parameterized by z(t), t € [a, b]:

b
f f(2) dz = f @) 20 de
C a

Solution:

1. Parameterize C:
Letx = 4t,y = 2t, t € [0,1].
Then z(t) = 4t + i(2t) = 2t(2 +0).
z'(t) =4+ 2i.

2. Compute z(t)%:

z(£)? = (4t + 2it)? = 16t + 16it* — 4t = 12t% + 16it? = 4t2(3 + 4i)

3. Set up the integral:

1
fzz dzzf [4t2(3 +4D)] - (4 +2i)dt
C 0

1
=43 +4)(4+ 2i)f t2 dt
0
Compute (3 + 4i)(4 +2i) =12+ 6i + 16i + 8i> = 12 + 22{ — 8 = 4 + 22i

31" 4
=4(4+22i)'[§] =3 @+220
0

Final Answer:
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Question 2
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Evaluate [ .(x? + ixy) dz from points (1 1) to (2-4) along the curve x = t,y = t*.

Given:

o x=ty=t3te[12]

o z=x+iy=t+it?

To Find: [ (x* + ixy) dz.

Formula: Same as above.

Solution:

1. Parameterize: z(t) = t + it?, z'(t) = 1 + 2it.

2. Integrand:

x> +ixy =t2+i(t)t») =t2+it3

3. Integral:

2
f(x2 +ixy)dz = f (t2+it®(1 +2it) dt
C 1

Expand:

2
=f [t2 + it® + 2it3 + 2i%t*] dt
1

2
= f [t? + 3it® — 2t*) dt
1

Integrate term-wise:

3 t4

Evaluate:

Simplify real and imaginary parts separately:

Real: 88t _1,2_7_ 62 _35-1 _ 151
3 5 3 5 3 5 15 15
. . 3 _ 48i-3i _ 45i
Imaginary: 121—:—7—7
Final Answer:
151+,45
4=
15 4
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Question 3

Evaluate |, - Re (z?) dz where C is the boundary of the square with vertices 0, i, 1 + i, 1 in the clockwise

direction.

Given:

Square vertices: 0,i,1 + i, 1.

Clockwise direction: 0 » i > 1+i—->1- 0.
Re (z2) = x% — y2,

To Find: Contour integral of Re (z2).

Formula:

ff(z)dz=f(udx—vdy)+if(udy+vdx)
c c c

where f(z) = u + iv.

Solution:
Here f(z) = Re (z%) = x? — y? is not analytic (fails Cauchy-Riemann), so direct parameterization is
needed.

Segment-wise evaluation:

1. Segment 1: 0toi
x=0,dx=0,y:0-1

| R
G-yt idy) =f0 (—y?)(idy) = —Lfo y?dy=-i3

2. Segment2:itol+i

y=1dy=0,x:0-1
1

1 3 1 2
X
f(xz—l)(dx)=f (xz—l)dx=[?—x] =——1=—-=
¢ o o 3 3
3. Segment3:1+itol
x=1dx=0,y:1-0

2

0 33 0 1
-y =if a-yay=if-g] =i0-a-g=-ig

4. Segment4:1to0
y=0,dy=0x:1-0

0 +31° 1
()@ = f X2 dx = H --1

Sum all segments:
Real parts: 0 + (—g) +0+ (—%) =1

Imaginary parts: —é +0+ (— %i) +0=-i

Final Answer:
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Question 4

e ? . 1
Evaluate f —dz;Cis| z|=-.
zZ+1 2
c
Given:
1 .. .
C:lzl|= > center at origin, radius 0.5.
e—Z

Integrand: f(z) = —

z+1

To Find: Contour integral value.

Formula: Cauchy’s Integral Formula:
If f is analytic inside and on C, and z, inside C:

f(@)

cZ—Zg

dz = 2mi f (z,)

Solution:
. . e"% .
Singularity of; isatz = —1.
Check if z = —1 lies inside | z |= 0.5:
| =1 =1 > 0.5 — singularity is outside the contour.

Thus, integrand is analytic inside C.
By Cauchy-Goursat theorem:

Final Answer:

Question 5

¥4

State Cauchy’s Integral Theorem. Evaluate fce_ : dz, where C is any closed contour. Justify your Answer.

Cauchy’s Integral Theorem:
If a function f(z) is analytic at all points inside and on a simple closed contour C, then

if(z) dz = 0.

Given: f(z) = e 2’ C= any closed contour.
To Find: fﬁ e~ dz.
c

Solution:

e~?" is an entire function (analytic for all finite z).

By Cauchy’s Integral Theorem, for any closed contour C:

556‘22 dz=0
c
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Justification:
The integrand is entire, so it satisfies the conditions of Cauchy’s theorem for any closed path.

Final Answer:

Question 6

Evaluate f z;—l dz, where C is the circle | z — i |= 2.
c (z+1)?%(z-2)

Given:
C:|z—1il|= 2, center i, radius 2.
z—-1
Integrand: f(z) = @2
To Find: Value of the contour integral.

Formula:
Cauchy’s Integral Formula for higher-order poles:

9(2) dg = 2mi (n‘l)(zo)

Lz T m-1Y
if g(z) is analytic inside C.

Solution:
Singularities:

ez = —1 (double pole, from (z+1)?)

e 7z = 2 (simple pole)

Check if inside C: | z — i |= 2:

e Distance fromito —1:| -1 —i |= m =2 ~ 1.414 < 2 — inside
e Distance fromito2: 12 —1i|= \m =+/5 ~ 2.236 > 2 — outside
Only z = —1 lies inside C.

Write integrand as:

z—1
z—-1 z—2

(z+12(z—2) (z+1)?

Letg(z) = 5, analytic near z = —1 (since z = 2 is outside).
Forn = 2:
9() .
dz =2mig'(—-1
- (z+1)? 9D

Compute g(z) = 5

Using quotient rule:
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. VeEz-2)-(-1D)A) z-2-z+1 -1
9= 27 ST G2r G2
Atz =—-1:
P S S
9D == 9 =g
Thus:

Final Answer:

Question 7

Evaluate f(f—;l)z dz, where C isthecircle | z—1 |= 1.
c

Given:

C:|z—11|=1,center 1, radius 1.

Integrand: f(z) =

_r
(22-1D*

To Find: Contour integral.

Solution:

Factor:z3 — 1= (z— 1)(z%2 + z + 1).

Singularities:

e 7z =1 (double pole, since square of (z—1) term)

oz =e?m/3 43 (roots of z2 + z + 1 = 0, each double due to square)

Check inclusion in C:

e 7z = 1: distance from center 1 is 0 < 1 — inside

° eZTL’ /3

° e4-m'/3

Only z = 1 is inside C.

Write:
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1 .3 . .
=== L%_: same distance v3 > 1 — outside

1 1

(z3-1)2 " (z-12(z2+z+1)2
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= —%+ i?: distance from center 1 is | —§+ iﬁ |= \/2+%= V3 = 1.732 > 1 — outside
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Letg(z) = m, analytic near z = 1.

Forn = 2:

9(2) gy
£(Z_1)2 dz =2mig'(1)

Compute g(z) = (z2 +z+ 1)72.
Derivative:

g @ ==-2z+z+1)3Q2z+1)

Atz=1:z224+2z+1=3,2z+1=3.

"1)=-2-27"1.3= 6 __2
gm= 727779
Thus:
. 2y Ami
f_ 2mi- ( - 5) 9
c
Final Answer:
4i
9
Question 8
Evaluate f 25+6 dz, where C is the circle | z —i |= 2.
c z%+4
Given:
C:|z—1i|= 2, center i, radius 2.
Integrand: f(z) = Zﬁ.

To Find: Contour integral.

Solution:
Factor denominator: z% + 4 = (z — 2i)(z + 2i).
Singularities at z = +2i.

Check inclusion in C:

e Distance from center i to 2i: | 2i —i |=| i |[= 1 < 2 — inside

e Distance from center i to —2i: | —2i — i |[=| —3i |= 3 > 2 — outside
Only z, = 2i lies inside C.

Write integrand as:

2z+6
22+6_ 2z+6 _Z+20

z224+4  (z—-2)(z+2i) z-2i
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2z+6 . .o , . .
Letg(z) = Py analytic near z = 2i (since z = —2i is outside).
By Cauchy’s Integral Formula for simple pole (n = 1):

9(2)

cZ—2i

dz = 2mi g(2i)

Compute g (2i):
Y 22 +6 4i+6
9@ == o T

Simplify:

2,_4i+6_1+3_1 30 Ui = —i

g92i) = TR T 2 (since 1/i = —i)

Thus:

j§= 2mi - (1—%) = 2mi — 3mi% = 2mi + 3n

c

(since i2 = —1).
Final Answer:
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