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Subject Name & Code:
MATHEMATICS II- BEO2R00011

(Disclaimer: The purpose of these Al-generated responses is just education and reference. Utilise them to grasp topics and structure, but
always rewrite in your own words and double-check the content before submitting.)

Assignment — 13

Question 1
State Cauchy’s integral formula. Hence evaluate

ZZ
m dZ,C:' VA |= 3.
C

Cauchy’s Integral Formula

If f(2) is analytic inside and on a simple closed contour C, and z, is any point inside C, then

f(2)

CZ_ZO

dz = 2mi f(zy).

For higher-order poles (order n):

f(@ dz 211i

(z—z)"  (n-1D)

FOD(zy),
provided f(z) is analytic inside and on C.
Given:
I= z d
T G-Dez-2 "
1z|=3
To Find: Value of I.

Solution:

Step 1: Identify singularities
The integrand has simple poles at

z = landz = 2.
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Step 2: Check if singularities lie inside C
C:| z |I= 3 is a circle centered at 0 with radius 3.
Both|1|=1<3and| 2 |=2 < 3, so both poles are inside C.

Step 3: Use partial fractions to split integrand
Write

z? A N B
z-1DEz-2) z-1 z-2"

Solving for A and B:
Multiply through by (z — 1)(z — 2):

z2=A(z—2)+B(z-1).

Substitute z = 1:
1=A4(-1) = A=-1.
Substitute z = 2:
4=B(1) = B=4.
Thus:
z? 1 4

(Z—l)(z—2)=_z—1+z—2'

Step 4: Apply Cauchy’s Integral Formula
Since both poles are inside C, we integrate term-wise:

(L
- c< z—1 Z—Z) “

For ——, take f(z) = —1 (constant, analytic).

z-1
Cauchy’s formula gives:

-1
f p— dz = 2mi - (—1) = —2mi.
oz

For ﬁ, take f(z) = 4 (constant).

4
5£Z 2dz=2m’-4=8m’.
oz

Step 5: Sum results

I = (—2mi) + (8mi) = 6mi.

Final Answer:
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Question 2

2
Evaluate f(z—zT)z dz;Cis|z|=5.
c

Given:

ZZ
=0 —— 4
(z—3i)? z
Iz1=5

To Find: Value of I.

Solution:

Step 1: Identify singularity
The integrand has a pole of order 2 at

zy = 3i.
Step 2: Check if inside C
C:| z |= 5 is centered at origin, radius 5.
| 3i |I= 3 < 5 — inside.
Step 3: Apply formula for higher-order pole
Forn = 2:
f(@)

) C—20)? dz = 2mi f'(zy)

where f(z) = z? is analytic everywhere.
Step 4: Compute derivative

f'(2) = 2z = f'(30) = 2(30) = 6i.

Step 5: Evaluate
I =2mi- f'(3i) = 2mi - (6i) = 12mi>.

Since i% = —1:

I =—-12m.

Final Answer:

February 11, 2026



DESISTUDENTS.ME

Question 3

Evaluate f(f—;l)z dz, where C isthecircle | z—1 |= 1.
c

Given:
dz
I= f 32
1z—11=1 (2" —1)

To Find: Value of I.

Solution:
Step 1: Factor denominator

2Z2—-1=0z-1)(Ez*+z+1).

So

1 1
(Z3-1)?  (z-1D*(22+z+1)*

Step 2: Singularities
ez = 1: double pole from (z—1)?
oz =% /3 /3 roots of 22 + z + 1 = 0, each double from the square.

Step 3: Check which lie inside C
C:1z—1|=1,center 1, radius 1.

e z = 1:distance 0 < 1 — inside
o e¥M/3=_ % + ig: distance from center 1:

. 1 \/_
e4-m/3 —

3 . .
. —5 i isame distance 3 > 1 — outside.

Only z = 1 is inside C.

Step 4: Use formula for double pole
Write

1 9(2)

(z—1)2%@Z2+z+1)?2  (z-1)?

where g(z) = ( analytic near z = 1.

1
z%+z+1)%
Forn = 2:

) o
I = C% dz = 2mi g'(1).
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Step 5: Compute g'(1)
First, g(z) = (z> + z+ 1)7%
Derivative:

g @) =-2z*+z+1)3Q2z+1).

Atz=1:z224+2z+1=3,2z+1=3.

6 2
Y = —-2. -1, = ——=——
g =-2-@NT3=—2=—3.

Step 6: Evaluate

Final Answer:
4i
9
Question 4
2z+6 . . .
Evaluate 5£ 2 dz, where C is the circle | z —i |= 2.
c

Given:

I f 2z+6 d
= —dz
1Z—il=2 z%2+ 4

To Find: Value of I.

Solution:
Step 1: Factor denominator
z2 + 4 = (z — 2)(z + 20).
Step 2: Singularities
Poles at z = 2i and z = —2i.

Step 3: Check which are inside C
C:|z—1il|= 2, center i, radius 2.

e Distance fromito 2i: | 2i —i|=|i|=1 < 2 — inside.
e Distance from i to —2i: | —2i — i |=| —3i |= 3 > 2 — outside.

Only z, = 2i is inside.
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Step 4: Write integrand in Cauchy form

2z+6
2z+6 2z+6 _Z+20

2244 (z=20)(z+20) z-2i

2246 . o . .
Let f(2) = %, analytic near z = 2i (since z = —2i is outside).

Step 5: Apply Cauchy’s formula

(@ .
I—£Z_2idz—2nlf(21).

Step 6: Compute f(2i)
220)+6 4i+6

f@Y == = a
Simplify:
2i —41'+6 —1+3
feY=g+g=1+g
Since%=—i:
1+3 B 3i
2i 2"

Step 7: Evaluate

I = 2mi (1—%) = 2mi — 3mi’.

Since i% = —1:

I = 2mi + 3m.

Final Answer:

Question 5

Find the Maclaurin series (Taylor series about z = 0) of f(z) = ﬁ Find the radius of convergence.

Given:

f@) =177
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To Find:
Maclaurin series expansion about z = 0 and its radius of convergence.

Solution:

Step 1: Recall geometric series formula
For|w < 1:

Step 2: Substitute w = —z2

IO 1

Using the formula:
[ =) (== (=
n=0 n=0

Step 3: Write explicit series
f@=1—z+z*—25+28 — -
Step 4: Radius of convergence

The geometric series converges when | w |< 1,ie,| —z?I<1 = [z?|<1 = |zI<1.

Alternatively, note singularities occur when 1 + z2 = 0 = z = +i.
The distance from expansion point z = 0 to nearest singularity is | i — 0 |= 1.
Thus radius of convergence R = 1.

Final Answer:

Maclaurin series:

! =§:(—l)nzzn lzI<1
> ,
1+z R

Radius of convergence:

Question 6

Find the Maclaurin series (Taylor series about z = 0) of f(z) = ﬁ Find the radius of convergence.
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Given:

f@) =

z+ 3i

To Find:
Maclaurin series about z = 0 and its radius of convergence.

Solution:

Step 1: Rewrite in form suitable for geometric series

1 1 1

3i+Z=§ 1+i.
3i

f(2) =

Step 2: Apply geometric series
For | w < 1,—— = ¥ w™.

Letw = — i Then:
3i

Step 3: Simplify

C -n"
(3i)n+1 z

1 > n
r@=5>( -5

n=0

M

Note: (3i)"+1 = 3n+1jn+1 and "1 =" .|,
We can also separate real/imaginary patterns, but the compact form is acceptable.

Step 4: Write first few terms

1 z 72 z3

I@O=5-Gye ey Gyt

Simplify powers of i:

e 1/(3i)=—-i/3

e« 1/(31)%=-1/9

o 1/(30)%=1i/27

e 1/(3)*=1/81
Thus:

i
39 27 81
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Step 5: Radius of convergence

Singularity at z = —3i.

Distance from expansion point z = 0 to —3iis | 0 — (—=3i) |=| 3i |= 3.
Thus radius of convergence R = 3.

Final Answer:

Maclaurin series:

n=0
or in simplified form:
iz iz N z3
J@==3-5 57 5
Radius of convergence:
R=3

Question 7
Find the Taylor series of f(z) = i with centre 2. Find the radius of convergence.

Given:

1
f(2) = Z,centre Zy =2

To Find:
Taylor series about z, = 2 and its radius of convergence.

Solution:
Step 1: Rewrite f(z) in terms of z — 2

1 1 _
z 2+(z-2)

1
2

Step 2: Apply geometric series formula
For | w 1< 1, —— = ¥ w".

Letw = — ? Then:
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Step 3: Multiply by %

o

1 1¢ N ( —1" .
E = E;(_l) o z on+1 (z-2)"

n=0

Step 4: Write explicit expansion

1 1 z=-2 (2-2)? -2)3
+( ) (z=2) .
z 2 4 8 16

Step 5: Radius of convergence
The geometric series converges when | w |< 1, i.e.,

z—2 lz—=21|
l_TKl =

<l = lz-2I<2

Also, the function f(z) = ihas a singularity at z = 0.

Distance from centre z, = 2 to z = 0 is 2, so radius of convergence R = 2.

Final Answer:

Taylor series about z = 2:

1 ( —1" .
;= W(Z_Z)’|Z_2|<2

Radius of convergence:

Question 8
Find the Taylor series of f(z) = sin z with centre /2. Find the radius of convergence.

Given:

T
f(z) = sin z,centre z, = 5

To Find:
Taylor series about z, = /2 and its radius of convergence.

Solution:
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Step 1: Recall Taylor series formula
For a function analytic at z:

[oe]

£ (z0)
f@ = Z o

n=0

(z —zo)™

Step 2: Compute derivatives at z, = /2

f(z) =sin z,f'(z) = cos z,f"(z) = —sin z, f""(z) = —cos z, f®(z) = sin z, ...

Atz =m/2:

e sin(m/2)=1

e cos(n/2)=0

e —sin(w/2) =-1

e —cos(m/2)=0

e sin (m/2) = 1 (repeats every 4 derivatives)

Thus:

f(m/2) =1,f'(m/2) = 0,f"(n/2) = =1,f"'(/2) = 0,f D (n/2) = 1, ...

Step 3: Write series
Only even derivatives (but shifted because of sine's phase) yield non-zero terms. Let’s list:

o n=0:$(z—n/2)°=1
o n=1:%(z—n/2)1=0

(z-m/2)?

. n=2:_2—'1(z—7t/2)2=— -

e n=3:0

. n=4:i(z—7t/2)4

e n=5:0

o n= 6:_‘71(2—71/2)6, etc.

So pattern: non-zero terms for even n = 2k, with sign ( —1).

. ( -DF 2
sin z = ZW(Z_%) ‘.

Step 4: Alternative approach via cosine shift

Thus:

. s
Note sin z = cos (z— ;).
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° k
. . . ( _1) 2k
Maclaurin series for cos w is w*r,
k=0

Substitute w = z — g:

| (C-DF( my
sin z = ZW(Z_%) k.

Step 5: Radius of convergence
sin z is entire (analytic everywhere), so the Taylor series converges for all finite z.
Thus radius of convergence R = oo.

Final Answer:

Taylor series about z = 7 /2:

—1)k 2
sin z=2((27;!)(z_%) "’lz—ﬂ/Z |< oo

Radius of convergence:

February 11, 2026



