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Subject Name & Code:
MATHEMATICS II- BEO2R00011

(Disclaimer: The purpose of these Al-generated responses is just education and reference. Utilise them to grasp topics and structure, but
always rewrite in your own words and double-check the content before submitting.)

Assignment — 14

Question 1
Define: Singular point, Isolated singular point, Residue.
Singular point (or singularity)

A point z = a is called a singular point (or singularity) of a complex function f(z) if f is not analytic
at a but is analytic at some points in every neighbourhood of a.

Isolated singular point

A singular point z = a is isolated if there exists a neighbourhood 0 <| z — a |< R in which f is analytic.
That is, a is the only singularity in some punctured disk around a.

Residue

If z = a is an isolated singularity of f(z), then f(z) has a Laurent expansion

f(z) = Z ay (z - @)or 0 <| z—a |<R.

n=-—oo

The coefficient a_; of the term ﬁ is called the residue of f(z) at z = a, denoted Res(f, a).
For a simple pole, Res(f,a) = lim ,,,(z — a)f (2).
For a pole of order m:

m-—1

1 o d
Res(f,a) = lim [(z=a)™f(2)].

(m — 1)! zoa dzm 1

Question 2
Explain types of isolated singular points.
There are three types of isolated singularities:
1. Removable singularity
o  All coefficients a,, with n < 0 in the Laurent expansion are zero.
o The limit lim ,_,, f(z) exists and is finite.
inz

o Example: f(z) = ST atz = 0.

2. Pole of order m
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o In the Laurent expansion, a_,, # 0 and a, = 0 forn < —m.
o lim,,, | f(2) |= oo.

o Example: f(z) = (Z—;a)m has a pole of order m at z = a.

3. Essential singularity
o Infinitely many negative-power terms in the Laurent expansion are non-zero.
o lim ., f(2) does not exist (neither finite nor infinite).

1z gt 7 = 0.

o Example: f(z) =e
Question 3

Determine and classify all singularities of the following functions:

sinz

Lf(z) =

z

Singularity at z = 0.
Check limit: lim ;= = 1 (finite).
Laurent expansion:
3 5
Z
sinz Z—3rtgr— z

z z TR

No negative powers = removable singularity.

3
2.f(2z) = m
Singularities at z = 1 and z = 3.
e Atz = 1:factor (z—1)3 in denominator, no similar factor in numerator = pole of order 3.
e Atz = 3:factor (z—3)? in denominator, numerator non-zero at z = 3 = pole of order 2.

No other singularities in finite plane.

Question 4
. . 1 .
Find the Laurent series of 312 for regions

z2-3z+2=(z—1)(z-2).

So f(2) =

1 . .
remeTyosy Use partial fractions:

1 _ 1 1
(z-1)(z-2) z-2 z-1

Ho<lzl<1
Both | z [< 1 and | z I< 2, so expand each term in powers of z:
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Subtract:

n=0

i)l<lzlc?2
For—, factorz: | z |> 1> — =2. L ZZ L

z-1 z—-1 z 1-1/z mzlzm

@© n

For —, factor2:|z|<2=>L=_lZ (E) .

z-2 z—2 2 neo 2
Thus:

1 z" 1
f@=—3 Y 2y
n=0 m=1

(iii) | z |> 2

Both|z|>1and| z |> 2:

m;l
11 1 2k=1
z—2 z 1-2/z zk -
k=1
Subtract:
2k-1 1
f(2)= E —x
k=1
Question 5
Find the Laurent series ofL forl <|lz+1]|<3.
(z+1)z(z-2)
Letw=2z+4+1=z=w— 1. Then:
Tw-1)-2 7w —9

W) = = Dw=3) ~ ww=Dw =3)"

Partial fractions:
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7w —9 A B I

ww—Dw-3) w w—1 w-3

Solve: A=3,B=—-1,C = —2.
So:

F _3 1 2
(W)_W w—1 w-=3"

Region: 1 <| w |< 3.

e For %: already Laurent term 3w ™1,

1.
e For———since|w|[>1,
w-1

2.
e For———since | w |[< 3,
w-3

Combine:

Wm

C 2
PO =3w™t =) w43 ) o
n=1

m=0

Replacew = z + 1:

) =3@+1)7 = ) (4 1) +§z el
n=1

m=0
Question 6
. . . . _ ;
Find the residues at singular points of f(z) = T
Singularities: pole of order 2 at z = 1, simple pole at z = —2.
e Atz = —2 (simple):
. ( =2)? 4
Res(f,=2) = lim, (2 +Df () =~ =5
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e Atz =1 (order2):
Let 9(2) = (z — 1)*f (2) = Z=. Then:

1
Res(f,1) = =D llm g' @) =g0Q.
z? , 2z(z+2)—z* z*+4z
= =3 = = .
9@) z+2 9@ (z+2)? (z+2)?
Atz=1:g'(1)="=2
Thus:
4 5
Res(f,—=2) = 6,Res(f, 1= 3
Question 7
Find the residues at singular points of f(z) = (ZJr;l)‘"
Only singularity: pole of order 4 at z = —1.
For pole of order m = 4:
1 d3
Res(f,—1) = -t lim —[(z + D*f(2)].

But (z + 1)*f(2) = 1, whose third derivative is 0.
Hence Res(f,—1) = 0.

Question 8

Evaluate f using Cauchy residue theorem, where

z3(z+4)
@c:zl|l=2

Singularities inside C: z = 0 (order 3), z = —4 (simple) is outside (| —4 |= 4 > 2).
Only z = 0 contributes.

For g(z) = ZL, analytic near 0:

+4
f(z)=gz(3z) = Res(f,0) —2—().
1 L 12
g(Z)—H—4 = g(Z)——m,g (Z)—m-
2 1
9O =7=3
Thus Res(f,0) = 1/32 i.

By residue theorem:
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f(2)d - 1 i
z)dz = 2mi - — = —.
ez 64 32
®Clz+2|=3
Singularities: z = 0 and z = —4.
Circle centre —2, radius 3:
e Distance from centre to 0: | 0 + 2 |= 2 < 3 = inside.
e Distance from centre to -4: | —4 + 2 |= 2 < 3 = inside.
Both singularities are inside.
Residue at z = —4 (simple):
R =1 4 = = !
s(f,—4) = lim G + () = 5=~ g7

. .1
Residue at z = 0 computed earlier: -

. 1 1
Sum of residues: —— — =10
64 64

Thus:

f f(z)dz=2mi-0=0.
1z+2]=3
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