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Find lim (5 — —-)
Q-1:(a) x-0 \x*  sin“x/ (3 Marks)

Answer:

We simplify the given expression:

_ 1 1 . sin?z — x2
lim —= —3 =lim | ————
-0 \ 2 sin” z z—0 \ z2sin‘z

Using the standard expansion:

3 5 1

. @ @ % 4 2 )y
smr=2=x — 4 — e =>SINTT =T — ...
6 120 K
So,
4
. s
sm2 @ :1:2 = ——+4
3
Substitute into the limit:
.'L" LL'J
=0 p (x ?) z—0 334 (1 %>
1 1

=lim— = —

17—?(]3(1 %) 3

Final Answer:

Wl




Q-1: (b)

Write second derivative test for local extrema and find the extrema of
f(x)= x*—4x*+ 10 (4 Marks)

Answer:
Part 1: Second Derivative Test (Theory)
Let f(x) be a twice-differentiable function. To find local extrema:
1. Find critical points: Solve f'(x)=0.
2. Apply second derivative:
o Iff"(x)>0, local minimum at that point.
o Iff"(x)<0, local maximum.

o Iff"(x)=0, the test is inconclusive.

Part 2: Apply to Given Function

Given:
f(z) =z* — 42° + 10

First derivative:

f'(z) = 42® — 1222 = 42%(z - 3)
Set f'(x)=0f to find critical points:

42%(x - 3)=0=>x=0, 3

Second derivative:

f"(z) = 1222 — 24z = 12z(z — 2)
Now evaluate:

o Atx=0:
f"(0) = 12(0)(0 — 2) = 0 = Test inconclusive
o Atx=3:

f"(3) = 12(3)(1) = 36 > 0 = Local Minimum at = = 3



Let’s analyze x=0 using first derivative sign change:
e Forz <0,sayx = —1:
fl(x) =4(-1)%*(—-1-3) =4(1)(-4) = 16
e Forz >0,sayz = 1:
f'(z) =4(1)°(1 - 3) =4(1)(-2) = -8

Since sign of f'(x) does not change around x=0, no extremum at x=0.

Final Result:

¢ Local minimum at x=3
e f(3)=3*-4(3)°+10=281-108 + 10 = —17

Local minimum value is -17 at x=3

Q-1: (c)

Expand e* into the power series of x . Find number of terms required to
calculate e with an error less than 107* . (7 Marks)

Answer:
Part 1: Power Series Expansion

The exponential function e”x has the following Taylor (Maclaurin) series expansion:

To find the value of e = e*1, we substitute x=1:

_q 1 1 | 1
e—}ﬁ}ifai“'ial“'

We want to approximate e such that the error is less than 10*{-4}.

Part 2: Error Estimation

In a Taylor series, the remainder (error) after n terms is:



.’I}"+l

R'rH-l == m

For x=1, we want:

1

4
mrin =0

Now check values:

e Forn+1=86, g =75~ 139 x107% X
e Forn+1=74=A-~198x10"* X
e« Forn+1=8 4= pt0~248x107° &

So, we need terms up to 1/7!, i.e., 8 terms.

Final Answer:

o Power series of e”x:
2 n
: 4 4 2
ef=14+—=+—=+--+=+-
1! 2! n!

¢ Tocompute e =e”1 with error less than 10"{-4}, use first 8 terms:

Number of terms required = 8

Q-2: (a)

3 2
Define Beta and Gamma functions and evaluate fow _x(l(::;o) - (3 Marks)

Answer:

Part 1: Definitions

Gamma Function:

[(n) = / 2" te *dz, forn >0

0



Beta Function:

1
_ g L'(m)'(n)
B = [ ") ldt==——=, f
(m,n) /0 ( ) T(m 1 1)’ orm,n >0

Part 2: Evaluate the Integral

Given:

© 23(1 + 22?) ®© 23 4 25 e 3 o9 0
g ‘A 11z @ ‘/0 1720 ‘A Lk / TRk

Let’s evaluate each term using Beta function transformation.

Substitute:

T as @ -
Letx—mét—médx—(l_[)g

Using this substitution, known result:

o0 xm—l
/ ————dx = B(m,n)
0 (1 + m)m-,—n

Now,
« For [ —15 mdx:
This is fo z Trde = B(4,6)

. Forf 1+ md:l:'
This is fo )m dx = B(6,4)

Use identity:
I'(m)L'(n)
B(m:n) = Tim +n)
So,
B(4,6) = r4re) 3!'-5! 6-120 720 1
. r'(10) 9 362880 362880 504
1

B(6,4) = B(4,6) =



Hence, the total value of integral:

I'=B(4,6)+B(6,4) = 51 501 | 352

Final Answer:

© 301 1 2
[t [T
0 (1 |-:I))10 L%

Q-2: (b) Discuss the convergence of [~ ——dx (4 Marks)

© 14 x2

Answer:

This is an improper integral over an infinite interval. We split it into two parts and
check for convergence:

o0 1 0 1 00 1
dx = dz + d
/_Oolia:2 " /_ml»laz:2 m*/o 1+22

Step 1: Evaluate

We use the standard integral formula:

1
/1“{_3:2 der=tan 'z + C

So,

e Forthe first part:

dz = lim dz = lim[tan™ ' z]} = u
o 1+ a? t—oo Jo 1+ 22 t—00 9

For the second part:

0 1 0 1
/ dr = lim dr = lim [tan_1 a:](t) =

Lo 1+ x? t——o0 J, 1+ x2 t——o0

o 3

Step 2: Add Both Parts



Final Answer:
¢ Theintegral converges, and

e |tsvalueisTt

Q-2: (c)

The circle x2 + y? = a? is rotated about x —axis to generate a sphere, find

its volume and sketch the region. (7 Marks)
Answer:

Step 1: Understanding the Geometry

The equation:
$2 | y2 - az
represents a circle of radius a centered at the origin.

When this curve is revolved about the x-axis, the region it bounds generates a
sphere of radius aaa.

Step 2: Volume by Disk Method

To find the volume generated by rotating about the x-axis, we use the disk method:

a
Y= 7r/ [f(z)])?dx
—a
From the circle equation:

y=vVa2-22= f(z) = Va2 -22= [f(z))?=a’ -z

Now apply the volume formula:

Since the integrand is even, simplify using symmetry:



Step 3: Evaluate the Integral
a 314 3 3
y z . O 2a
/ (a® — 2°)dz = [a“)a: —] =a’— — = —
0

Now multiply by 2t1t:

2a* 4
V=2r"—=|=-7d
3
Final Answer:
¢ Volume of the sphere generated is:
4 3
—TTa
3
OR
Q-2: (c)
Find the surface area of a solid generated by the revolution of the circle r =
2acos0 about the initial line. (7 Marks)
Answer:
Step 1: Understand the Geometry
The given polar equation:
r=2acos6

represents a circle of radius a with center at (a,0)) in Cartesian coordinates.

We're asked to rotate it about the x-axis to get a surface of revolution and compute
its surface area.

Step 2: Formula for Surface Area in Polar Coordinates



The surface area S of a curve given by r=f(8), when revolved about the x-axis (initial

line), is:
0o 2
5 = 271'7'sin0-\/7'2 | (ﬂ) df
A do

Step 3: Apply the Formula

Given r=2acos6

e Derivative:

% = —2asinf

« Now compute the square root term:

d 2
r2 4 (_r) = v/(2acos )2 + (—2asinh)? = \/4a2(cos20 t sin? 0) = V4a2 = 2a

So the formula simplifies to:

D= 2m(2acos 0) sinf - 2a db
0

(18]

S:47ra-2a/2 c:osesin0d6?287m2/2 cos @ sin 6 df

0 0

Step 4: Evaluate the Integral

3 1 /2 1
/ cosfsinfdf = - / sin(26) df = —(cosm — cos0)
0 2 Jo 2

DO | =
P——
N |
o)
(o}
»
—~
DO
D
p—
he——
[l
D | =

DN | =

Step 5: Final Result

S = 8ma®- = =|4na’®




Final Answer:

The surface area of the solid formed by revolving the circle r=2acosf about the x-axis
is:

4ma’®

Q-3:(a)

6_y2
Determine whether lim 3y exists, find it if exists.
(x,y)-=(0,0) x*¥ (3 Marks)

Answer:

Let’s analyze the limit:

L= lm —%L
(24)00) 23y

We test the limit along different paths.

Path 1: Lety=x"3

6 6
R Ak 0
= L - llm S = — 0
z—0 3 . 3 26
Path 2: Lety=-x"3
6 6
: T —T 0
L = lim — —— - =0
r—0 3 - ( :C‘;) 6
Path 3: Let y = x*k for general k
Then:
6 2k 6 2k
. L T . -2 . - s
L=lm-—" =lim—" = lim (:I:" ko 2k—(k 3))
z—0 3.k r—0 qpkt3 —0

This depends on the value of k. If k=1, then:



6 _ 42

x 1
L =lim —— =lim(z" - —) & —o©
z—0 x z—0 x

Thus, limit does not exist because it depends on the path.

Final Answer:
Limit does not exist
Q-3: (b)
Applying the chain rule find ‘:—‘:’ if w=x?y—y? , where x = sint and

— pt 1 d_w =
y=e" also find —att=0 (4 Marks)

Answer:

We are given:
c w=zly -y’
e z=sinty=c¢e

We want:

dw Ow dx Ow @

dt Oz dt Oy dt
Step 1: Partial Derivatives
Given w = :czy - y2
g—:—2a:y, g—t; =2 -2
Step 2: Derivatives of xand y
Z—f =e¢oal, Z—Z = ¢

Step 3: Apply Chain Rule



d
d—zf = (2zy) - cost + (z° — 2y) - €'

Now substitute z = sint, y = e’

dw
=5 — 2sint- e - cost 4 (sinzt' 2e‘) wigh

Step 4: Evaluate at t=0
At t=0:

e sint=0, cost=1,e"t =1
Now compute:

% =2(0)(1)(1) + (0* — 2(1)) (1) =0 + (~2)(1) =[—2

Final Answer:

dw
— =2sint-e' - cost + (sin®t — 2¢') - €
dt
and at t=0,
dw _ o
dt

Q-3: (c) Find the extreme value of the function f(x,y) = x> + y* + 3x2 — 3y? (7 Marks)

Answer:
Step 1: Find Critical Points

To find extreme values, compute the first partial derivatives and set them to zero:

0 of
fx=_=3x2|6$, fy:a—y:

3y® — 6

Set both equal to zero:
32°+6z=0=3z(z+2)=0=>z=0,-2

32 —6y=0=3y(y—2)=0=>y=0,2



Step 2: Critical Points
The critical points are all combinations:

¢« (0,0),(0,2), (-2,0), (-2,2)

Step 3: Second Derivative Test

Compute second partial derivatives:

82 62
fx2:6_1;€:6$46a fwza_y‘zz6y6’ fa;y:fya::O

Use the discriminant:

D = foafyy — (fa:y)2

Test each point:

1. At (0,0):

fee =6, foy=—-6, D=6-(—6) — 0= —36 < 0= Saddle point
2. At(0,2):

fea =6, fyy =6, D =36 >0, frz > 0= Local minimum
f(0,2)=0+8+0-12=—-4

3. At(—2,0):

fez = —6, fy;, = 6, D =36 >0, f., <0 = Local maximum

f(-2,00=(-8)+0+12-0=4

4. At(—2,2):

Final Answer:

¢ Local minimum at (0,2) with value -4



¢ Local maximum at (-2,0) with value 4

¢ Saddle points at (0,0) and (-2,2)

OR
— tan-1(Y Pu o _
Q-3: (a) If u =tan™!( /x) prove that —— + 7 0 (3 Marks)
Answer:
Given:

w=tan * (g)
2z

This is a function of two variables x and y.

Let’s first find first-order partial derivatives, then second-order, and finally verify the
identity.

Step 1: First-Order Partial Derivatives
u = tan ! (y) SLetz=2 s u= tan ' (2)

x Z

Then, using chain rule:

ou Yy
T 2ty

Similarly,

Step 2: Second-Order Partial Derivatives

Now compute:

Fu Qi —y
9z — 9z \ 2247




Here, treat y as constant:

Fu_ 0 (L \_ (2= \__ 2
az2 = Ve \z2142) T Y\ @1 922) T @ 1422

Treat x as constant:
u . 0 1 . —2y 2y
dy? o Ay \ 22 + 2 o (z2 + y2)? o (z2 + y2)?

Step 3: Add Both

0*u M Pu  2zy - 2zy @
oz 0y? o (22 + y?)2 o

Final Answer:
Pu  0?
Fu Ou_mg
ox?  Oy?

Q-3: (b)

Find the tangent plane and normal line of the surface
f(x,y,2) =x*+y*+ z—9=0 atpoint (1,2,4) (4 Marks)

Answer:
We are given the surface implicitly as:
F(z,y,2) =2 +3y°4+2-9=0
To find:
1. Tangent plane at (1,2,4)

2. Normalline at (1,2,4)

Step 1: Gradient Vector (Normal Vector)



VF = (f’i oF f?_F)
gives the normal vector to the surface.

The gradient vector Oz’ 9y’ 9z
6—F:2a:. 6—F:2y. 6—F=1
Ox © Oy © 0z
At the point (1,2,4):
VF=(2:1,2:2,1)=(2, 4, 1)
Step 2: Tangent Plane Equation
General equation of tangent plane at point (x0,y0,z0):
| @m)t G| @)+ G| (e-m) =0
(P) (P) (P)
Substitute:

2(x=1) +4 (y-2) + 1(z-4) =0
Simplify:
2x-2+4y-8+z-4=0=>2x+4y+z=142
Tangent plane equation:

2x+4y+z=14

Step 3: Normal Line Equation

Direction vector of normal = VF=(2, 4, 1)
Passes through point (1,2,4)

So the parametric form of the normal line is:
x=1+2t, y=2+4t, z=4+t
Normal line equations:

x=1+2t,y=2+41,z=4+t

Final Answer:
¢ Tangent Plane: 2x+4y+z=14

¢ Normalline: x=1+2t,y=2+4t, z=4+t



Q-3: (c)

Applying Lagrange multipliers to determine the dimension of a rectangular
box, open at the top, having volume 32 ft* , and requiring the least amount

of material for its construction.

Answer:

Step 1: Define Variables and Objective

Let:
¢ Xx=length,
e y=width,

¢ h=height of the open box.

Objective: Minimize Surface Area

Since the top is open, surface area is:

S = Base area +Lateral areas= xy+ 2xh+ 2yh
So, minimize:

S (x, Y, h) =xy+2xh+2yh

Constraint: Volume is 32
V= xyh =32
So the constraintis:

g(x, ¥, h) =xyh -32=0

Step 2: Use Lagrange Multipliers

Define:
L(z,y,h,A) = zy + 2zh + 2yh — A(zyh

Compute partial derivatives:

(7 Marks)

32)



% —y+2h— A(yh) =0
! %zfc t+ 2h — A(zh) =0
.%:Zml2y AMzy) =0

/ %za:th32:o

Step 3: Solve the System
From equations (1) and (2):

(1): y+2h=Ayh
(2): x+2h=Axh

Divide both sides of (1) and (2) by h (assume h#0:

Y A
=4+2=Xy, —+2=2A
h f (7] 3 } -
Now subtract these two:
Y z y—=
o) (F+42)=x-2z= —
(5 B y R
If x #y, divide both sides:
1 .
= A = contradiction unless z = y

So we must have: x=y

Now use Equation (3):
1
20 +2y=Azy =>4z = Az’ => A==
xz

From earlier, we also had:

Use Volume Constraint:



9

zyh = 32, but:czy,h=§=>m2-§=32=>%:32::1::‘:128:33:\/3128:2-316
T V128
T =y =|v128|~ 5.04, h:Z: 1|~ 1.26

Final Answer:

o =y=|v128|ft

V12
e h= 48ft

¢ Minimum surface area occurs when the base is square and height is one-fourth
the side.

Q-4: (a)

State sandwich theorem for the sequence and discuss the convergence of the

sequence {cosn}
9 n (3 Marks)

Answer:
Sandwich Theorem (Squeeze Theorem):

If for all n beyond some point,

a, <b,<e¢, and limea,=lime,=0L

n—>00 N—>00
then
lim b, = L
n—oe
{ cos }
Apply to Sequence n
We know:
e —1<cosi®in<1foralln
1 cosn 1
= — < <=
n n n

As n>o, both bounds tend to 0:



1
lim — =0, lim —=0
n—oo N n—oo N

So, by Sandwich Theorem:

. cosn
lim =1
n—oo n
Convergent, limitis 0
Q-4: (b)
: oo 4"43
Test the convergence of the series Y5 (T) also find the sum of the
series if it is convergent. (4 Marks)
Answer:
Let:
dn + 3
an - 5”

We use the Ratio Test:

lim [%2t2] _ 4n+1)+3 5"  4n+T 1
ngrolo a, o 7zl—>nolo Hn+l 4dn + 3 N 4n+3 5
As n>oo;
Y 1es Dt = <1
inis 1mmit = 5

By Ratio Test, the series converges absolutely.

To Find the Sum:

Let’s try to split the series:
i4ni3_4in RS
n - En En
n=0 5 n=0 5 n=>0 5

Use standard results:



p e e BT

n=07r — 1T — 1

Y1 B = A7 = 16
n=15" — (5-12 _ 16

e > So, shiftindex to start at n=1, adjust accordingly.

Now compute:

Then:

Final Answer:
o Series converges absolutely

e Sum=5

Q-4:(c)

Applying appropriate test find the interval of convergence and radius of

convergence of the series Y, (x;f ) (7 Marks)

Answer:

This is a power series centered at x=5:

= (z — 5)"
Z%

n=0

Step 1: Use Ratio Test

Let:

Then,



w; 5 n+1 2 2
lim |22 = lim (z ~ ) — e = |z — 5| - lim n—
n—oo | Ap n—00 (n | 1)2 (;B 5)” n—00 (n | ]_)2
[x=5]-1=|x-5]|

By Ratio Test:
Converges when |x-5|<1,
Diverges when |x-5]>1

So the radius of convergence is:

Step 2: Test Endpoints

(i) x=5-1=4:

4-5 -
Z( )" E:Inl

n=1
This is an alternating, convergent series (converges absolutely).

(ii) x=5+1=6:

Also convergent (p-series with p=2>1)

So both endpoints are included.

Final Answer:
o Radius of convergence: 1

¢ Interval of convergence: [4, 6]

OR

3 . w 4'nin!
Investigate the convergence of the series Y77 ——
Q-4: (a) (2n) (3 Marks)

Answer:

Let:



4™ (n!)?
"=

We use the Ratio Test:

Ap+1
an

= lim
n—oo

lim

n—oo

4" (n 4+ 1)(n+ 1) (2n)!
( (2n + 2)! .4"n!n!)

Simplify step-by-step:

n+1)1?

(ln!}") = (n 1 1)2
(2n)! 1
(2n+2)! = (2n+2)(2n+1)

Putting it together:

2 1
=) @ )
4(n + 1)? _ 4(n + 1)? _ (n+1)

T 2n+2)2n+1) 4n+D)@n+1) (2n+l)
Now take the limit as n>oo:
n+1 1

I ==
nl—>nolc 2n +1 2 <

So, by Ratio Test, the series converges absolutely.

Final Answer:

o0 4"nln!
The series 2"—0 (2n)!

converges absolutely by Ratio Test.

Convergent

Discuss the convergence of the series and find it's sum p B —
Q-4: (b) n(n+1) (4 Marks)

Answer:

We are given:



o0

1
z:n(n 1)

n=0

But note: the term at n=0 is undefined (division by zero).
So, we start the series from n=1:

=~ 1
Zn(n 1)

n=1

Step 1: Use Partial Fractions

|
n(n + 1)

| 1
n n+1

Sle

So the series becomes:

>

n—=1

Step 2: Write First Few Terms

(-2 (-2 (-

This is a telescoping series: most terms cancel out.

So we are left with:

Take the limit:

lim S, =1 O:

n—oo

Final Answer:
e The seriesis convergent

e Thesumis: 1

Q-4:(c)



Applying appropriate test find the interval of convergence and radius of

1) 41
convergence of the series Eﬁo;‘l&—;) (7 Marks)
arks
Answer:
Let:
(7 1)".’17"
G = o7
" 3(n+1)

Step 1: Apply the Ratio Test

Ap41
an

(, '1)n+1$n+1 3n(n y 1)

= lim 37 i(n+2) (-1)"zn

n—oo

lim

n—oo

Simplify:
o UV —1 (absolute value = 1)
SV
antl
[ :L‘L.T =2
3 1
311 d = 3
So:
_ | | 1 n+4+1 m m
3 n+2 3 3

Conclusion from Ratio Test:

e Series converges absolutely if x| /3<1=[x|<3
o Series diverges if [x|>3

So, radius of convergence is:

R=3

Step 2: Check Endpoints
At x=3:



Z ( ].)" . 311 Z ( l)n
3n(n+1) n+1
This is an alternating series, decreasing, and tends to 0 > Converges

At x=-3:
( 1)!1( 3)11 ( 1)‘IL . ( 1)71 1 B 1
Z3"(n|1) =2, n+t 1 :Zml_zﬁ

This is the harmonic series > Diverges

Final Answer:
¢ Radius of Convergence: 3

¢ Interval of Convergence: (-3, 3]

Q-5: (a)

Evaluate [[ y?x dA over the rectangular region

R={(xy):—3<x <2, 0<y<1} (3 Marks)

Answer:

Since the limits are constants, this is a rectangular region. We integrate in the
order: dy dx or dx dy.

Let’s integrate with respect to y first.

Step 1: Setup the Integral
2 1
/ / vz dy dz
2=—3 J y=0

Step 2: Integrate w.r.t. y



Final Answer:

5
6
Q-5: (b)
Use double integration to determine the area of the region R inclosed between
the parabola y = éxz , and the line y = 2x, also sketch the region. (4 Marks)
Answer:

Step 1: Find Points of Intersection

Set:
1
51:2:2:1::1:2:4a::>:1:(x*~4):O=>:1:=0,4

So the curves intersect at x=0 and x=4

Step 2: Area Between Curves

4 4 1
Area = / [upper — lower| dz = / (2:1: - 51:2) dz
z=0 0

Step 3: Integrate

4 1 1.8 4 2 48 — 32
/<2x-—§w2)da::lm2—ga:3] :16—6—:16-—3—=u=
0

. 6 3 3

Final Answer:

e Areaenclosed=16/3




Q-5: (c)

Applying change of the order of the integration to evaluate [ 02 [y e dxdy,
also sketch the region. ’ (7 Marks)

Answer:

Step 1: Sketch and Describe the Region

The original limits are:

e Outer:y=0to 2

e Inner:x=yto2

Soregion R lies below the line x=2, above the line x=y, and between y=0 and y=2.
Sketch steps:

e Draw line x=y (diagonal)

e Draw vertical line x=2

e Shade region between x=y and x=2 for y€[0,2]

Step 2: Change the Order of Integration
In original form: y=> x

Now, we switch to integrating x first:
From the sketch:

e XxgoesfromOto 2

e Foreachx,ygoesfrom0tox

2 T ,
/ / e’ dydx
=0 Jy=0

New limits:

Step 3: Evaluate the Integral

Now,



2 T 5
/ / e’ dydx
z=0 v y=0

Since e*{x"2}is independent of y:

2 2 . 2 2
:/ e” -[y];_od:cz/ z-e dr
=0 ' 0

Now apply substitution:

Letu = 2° = du = 2zdx = zdz = Jdu
4

Whenz = 0,u = 0; whenz = 2, u

4 4
— . —du= - Ydu = = [e¥], = — —
/U_Oe 5 u 2A e"du 2[6 lo 2(e

Final Answer:

5(64 - 1)

OR

11 py-x
Q-5: (a) Evaluate [ [ [ dzdydx (3 Marks)

Answer:

We evaluate the triple integral step-by-step.

Step 1: Integrate with respect to z

y—r
/ dz=(y—2z)-0=y—=z

=0

1 1
/ / (y — z)dydx
z=0 Jy=zx

Now the integral becomes:

Step 2: Integrate w.r.t. y



First, fix x, integrate:

Let’s simplify:

L ;(y z)dy

Let u=y -x =du = dy, when y=x= u=0, when y= 1= u=1-x

So:
1|
/ (y — z)dy
y=x

Step 3: Integrate w.r.t. x

Now:

Final Answer:

Q-5: (b)

Evaluate the folfowing integral by changing in to the polar co ordinate.

1-z
/ udu =
0

2z + z?)dz =

=1/2-1/3=1/6

1/6

|

l T .
]
()

Jf, e<*¥*dA  where R is the semi circular region bounded by the x-axis

and the curve v = V1 — x2

Answer:

Step 1: Understand the Region R

o y=1-x"2is the upper semicircle of the unit circle x*2 +y*2 =1

e So, Risthe upper half-disk of radius 1 centered at origin.

Step 2: Convert to Polar Coordinates

Use substitutions:

(4 Marks)



e z=rcosf, y=rsinf

2 2

e dA =rdrdf

New Limits in Polar Form:
e rg[0,1]

e 06€[0,mM](upper half)

Step 3: Rewrite and Integrate

T 1
// &V dA = / / e” - rdrdf
R 0-0 Jr=0

Step 4: Integrate w.r.t. r
Let u=r*2=du=2rdr=rdr=1/2du
When r=0, u=0; when r=1, u=1
1 1
r 1 u 1 4 0 1
erdr=__] cdi=—(e—¢€)=_-(e—1
/ | )= e 1)

Now multiply by angular integral:

/ df = m = Total Integral = 7 - %(e -1) = g(e —1)
0

Final Answer:

=le—1)

Q-5: (c)

A thin plate covers the triangular region bounded by the x-axis and the line
x =1 and y = 2x in the first quadrant. The plate density at the point (x,y)
is 8(x,y) = 6x + 6y + 6 find the plate’s mass, first moments and the centre
of mass about the coordinate axis. (7 Marks)



Answer:
Step 1: Define the Region
e Triangle with:

o Base: x€[0,1]

o Topedge: y=2x
e Solimits are:

0=x=1,0sy=2x

Step 2: Mass of the Plate

1 2z
M:// é(x,y)dA:/ / (62 + 6y + 6) dy dz
R =0 7 y=0

Integrate w.r.t. y:

= /1 [6zy + 3y* + 6y] (2)1' dex = /1 [6z(2z) + 3(42?) + 6(2z)] dz =

0 0

1 1
/ (122% + 122° + 12z) dz = / (242% + 12z)dz
0 0

— [82® + 62, =8+ 6 =[14

Step 3: First Moments

About y-axis:

1 2z a
M, = //w.é(m,y) dA=/ / z(6z + 6y + 6)dy dz =/ (622 + 3zy? + ny](g)z -
e 0

Substitute y = 2z:

1

= /1 (62%(2z) + 3z(42z?) + 6z(2z)) dz = /

0 0

= [62* +42%], = 6 + 4 =[10]

1
(122° + 1223 + 122%)dz = / (242® + 1227%)
0

About x-axis:



1 2z 1 2 2z
M, = //y -(z,y)dA = / / y(6z + 6y + 6)dy dx = / [6&: . % F2y° + 3y2] dz
0o Jo 0

Substitute y = 2z:

1 4:1:2 g
= 6z- — +2-8z
0 2

= [7a* + 42%], = 7+ 4 =[11]

0

1 1
13-4:,;2) de = / (122° + 162° + 122%)dz = / (282° + 122?)
0 0

Step 4: Center of Mass

LM, 10 |5/ _ M, 11
M T 1a |7 YT M T 1
Final Answer:
e Mass=14
¢ First moments: My=10, Mx=11
¢ Center of mass:
5 11
7 14




